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KPAEBAt 3MAqA Anfl CM El.IlAHHO-nCEBAOnAPAEOnT L{ECKhX yPAB H EH 14 h

c ABvMfl ilt/iHVAMVI 143M EHEH]4 n TV1A

AHnoraquR. Merogaulr Qyrirquu Puuaua, lpuaa u uHTerpanbHbtx ypaBHeHru AoKa3aHo cyqecrBoBaHile
eArHcrBeHHoro peuJeH14f KpaeBor4 3aAaqil AnR nceBAonapa6onnvecxux ypaeueHui Tperbero noptAKa c AByMF r't r'vr-
M14 t43MeHeHU9 TUna.

Knrcqeeure cnoBa: Qyrrqr,tr PunaaHa, Qynxqran l-pnHa, uurerpanbHbre ypaBHeHilq, ncee4onapa6or]hrecKre
ypaBHeH!4r, ypaBHeHhF Bonureppa.

N.K. Arkabaev, Osh state university, Osh, Kyrgyzstan
A CONJUGATION PROBLEM FOR A MIXED-PSEUOO PARABOLIC EQUATION WITH TWO LINES OF
DEGENERACY

Abstract. The methods of the Riemann function, Green's integral equations and proved the existence of a

unique solution of the value boundary problem for pseudo-parabolic equations of the third order with two lines of type
Keywords: Riemann function, Green's function, integral equations, pseudo-parabolic equations, Volterra equa-

tron.

1. Beegenue. [1pn MareMarilqecKot\4 MoAenupoBaHfiil Qusuxo-xrnltfiLtecKux npoL]eccoB, npo-

hcxoAqu.lt4x B cocTaBHbtx Tetax, qacTo ilcnonb3yeTcF TeopLlF ypaBHeHil14 cMeuaHHofo Tfina, ocHo-

BaHHaF Ha COnpFXeHUil pa3nilLtHbtX rilnoB ypaBHeHilr,r B pa3Hbrx qacTFX paccMaTpilBaeuoi o6nacTil

[7; 9]. 3a.qaqfi conpnxeHnft BcrpeqaprcF il npil il3yveHil14 noTflorleHilF noqeeFrFrot4 Bnaru pacreltAflMtA

t6l.
B paoore ycraHaBrfiBaercF cyqecrBoBaHhe eAilHcrBeHHoro peueHuF KpaeBot4 3aAaqH Arn

nceBAonapa6onuqecxurx ypasnenrrl Tperbero nopFAKa c AByMF nnHViAMVt t43MeHeHilF rfina.

2. flocraxoBKa 3aAaqu. B o6nacru D, orpanrveHHoil orpe3KaMil npnMbtx

A,\ = {(x, y)'. x = O,-ht < y < 0}, 48., = {(x, y) : | = -ht,O < x < ll, BrB = {(x, y) : x = !, -ht < y s O},

BBo={Q,y)'. X=1.,0<y<hl , Bo4={$,y)i y=h,0< x<l}, ACo={Q,y)t y= h,-(.r< x!0},
CoC = {(x,y): x = -lt,O < y < h} , CA= {(x,y): CA= {(x,y): y =0,- l, < x <Ol (1,1,,h,h, t 0),

paccMoTp14M KpaeByto 3aAaqy 4nn ypaenennr,1:

L,(u) : ur,*-u,y=O, (x,y)e Dr, (1)

Lr(u)=Lt,,v+b1(x,y)u*+d(x,y)ur=0, (x,y)e Dr, (2)

4(u)= u*, +'br(x,y)u* + c(x,y)ur =0, (x,y)e Dr, (3)

rAe b,\i =1,2),d,c 3aAaHHbte Qynxqnr, a D, =Dfl(x>0,y>0), Dz =D(^l(x>0,y<0),

Ds=Dl(x<0,y>0).
Ypaenenun (1) - (3) npeAcraBnFrcr cooofi KaHoHr,rqecKile BuAbr ypaaxennta rperbero nopFAKa

orHocuTenbHo craplut4x npoil3BoAHbtx no Knaccr$ltraqrara pa6orbt [3]. Taxre ypaBHeHiln qacro Ha-

3brBarcTcn nceBAonapa6onhvecrilrvlil no xapaKTepy ceoficre peuennfi [1; 2].

flycrs Cn+m 03Haqaer Knacc Qynxqrrl, ilMerculilx HenpepblBHbte npoil3BoAHbte

a'*" /a x'd yt (r = 0,1,...,n; s = 0,1,...,m) .

Ornocutenrno xoeS$uqheHroB npeAnofl araeM

'tttt'-*
A,T
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46,he Cu'1Dr1, b"(x,Y). C'*'(4), 
@\

d(x,Y)e Co*1(D), c(x,Y)' C'.0(4)'

3aAaqa 1. Hailla Qyxrqr/lro u(x,y)e C1(D)'[C'.t(q) vCzr1Dr1vC1"21D')f 11"'e C(D') 
'

yAoBnerBopffloll]yloypaBHeHHFM(1),(2)ra(3)eo6nacrsxDl'D2raQcooreercrBeHHo'KpaeBblM

ycnoBkr'M: 
u--l',,f) = Qr(Y), u(Ly) = Q"(h'o 3 Y 3 h" (5)

u(O,y) = Ir(Y), u,(O,y) = Iz(Y), - hr 3 y 30, '(6)

u(x,O) =V.,(x), ur(x,O)=Vz(x),-1..t< x<O (7)

n ycnoBilFM CKneilBaHr|9:

u(x,-0)=a(x,+0),u,(x,-O)=uy(x,+O),O<x<!.,(B)
u(-O,y)= u(+O, jz), u,(-O,y) = u,(+O,Y)'O < y < h (9) 

l

Ae ely), X,U),W,6)(i=1,2) - 3aAaHHble fnaAKhe QyHKLll4l4' npilqeM

q,(Y)e C2lO,h1,rPr1Y)e C1[0,h], (10)

r,U) e c' [-h',0], V,6) e Cll-(. 1,01(i = 1,2),

e,(O) = V,Ft '), 
V.,(O) = tr,,Q), Vr(O) = il(O), V4Q) = h(0), ViQ) = fiQ)' (1 1 )

oruernm, qro nnnyir x=o,y=0 0AHOepeMeHHo FBnFlorcF xapaKTep[crhKaMl4 ypaBHeHil14

(1) - (3) Ypaenennn (1) - (3) B coBoKynHocrh c ycnoBneMr cKneilBaHvtF (B) r (9) FBnFlorcF ypaBHe-

H.4FM14 cMeuJaHHoro ryna c AByMF nvllvflMn r3MeHeHnF Trna B o6nacrn D t10]. Kpaeaute 3aAaqr

Anfl ypaBHenrfi cueu:annorO napa6onO-rnnep6onilqecKgro Trna BTOpOro nopFAKa c AByMF nVHVAMn

n3MeHeHnff l4na n3ylteHur e paoorax [5; 8; 11]. Mero4orr,r Qynrqnt,| Pruana n3yqeHbl KpaeBble 3aAaeL

Ane ypaBHeHnF rilna (2) e pa6orax$;121.
Beegem cneAYtot!ile o6ogHa'aeH ils:

u(x,-O)=u(x,+O)=r,(x), ur(x,-O)=ur(X,+O)=vr(x;, O<x<!' (12)

u(-o,y)=u(+0,Y) =rr(Y),u*(-0,y)=u*(+0,y)=vr(y),0<y<h' (13)

rpe r,(x), rr(y),vr(x),vr(Y) - noKa Her3BecrHble $ynxqnn'

3. flpeAcraBneHlle peueHlln 3aAaq[ 1 a odnactn D"'

B o6nacrn Q paccnilorpnM KpaeBylo 3aAaLly Anfl ypaBHenva (2) c ycnoBilnMfi:

u(0, Y) = h(Y), u r(0, Y) = h(Y), - h" s Y s 0,

u(x'0) =r,(x)'03x<!'
pelueHne, Koroporo npeAcraBilM c noMolLlblo Synrqnn Pnuaxa'

lzlueer Mecro roxAecrBo:

ul-(u) - ut)(u) = (uuo +uxyLt + bruur)* -(urL), +(bru)ou - duu)r,

rae I-(u) - -uw +(bru)o -@u)r.

[lycru o6nacru Dj osHavaer npnMoyronbHrKc BepulilHaMra A(0,0),AQ,y), BiQ'y)'B'(x'0),

t.e. Di=tG,ril:o<t<x,y<4<o),a f =EDj.t4cnonuoynsoprraynyl-prana13roMecrea(16),no-

nYt{14M

fltrt"trl - ut)(u)d(dr7 =
d, (17)

= 
!@ 

ru, + (b,u) r, u - du u)d ( + (u u r, + u q,u + b',u u r)d1'

Oynxqltefi Pnuana Ha3oBeM peueHhe cne4yrcqerl sa4avn [9]:

(14)
' 

(15)

(16)
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l)(u) = uon -(bp)E, +(du), = Q,

u(€,n)|.6=,=o,l <n <0,

ur(€,n) 16=,= 1, y <ry <0,

u(€,n) lr=r= c4€, Y),0 3 ( ! x,

Ae c\€,y) - peureHre cneAypqefi 3aAaLril:

uu((, Y) - t4G, v)u((, Y)1, + d(€, y)u(4, Y) = 0, 0 < € t x,

u(€,y)lE=,= O, u((,y)16="=1. e4'

Vlnerpupya ypaBHeHile (18) no ry vcyqeroui(22), nonyqi4M

uu-[b''(€,n)u]t+d({,r7)u=0. (23)

,!anee, ilcnonb3yn ycnoBfiF (1 9), (20) 14 ABal14br r4Hrerpil pys oro ypaBHeH ne no ( , npilxoAt4M

K ilHTerpaflbHoMy ypaBHeHilto 
1-

u(€,ry) = ( - x + )Ko(€,q,t)u(t,q)dt,

rge Ko((,r7,t) = 4(t,ril + (t - {)d(t,rl), peu:erue *o-oporo npeAcraBfiMo B BilAe

6

u(6,il = u(x,(,e) = ( - x + ln(6,n,t)(t - x)dt,
;

rpe R((,r;,t)= i Kn(€,rl,t) - pesonuBeHra agpa Ko((,r1,t) , a
n=0

€.

K n((,r1, t) = ) Ko@,r1, t) K n_1((,q,s)ds, n = 1,2,... .

V1z (24) cneAyer, vro QynxquR Pnuaxa He 3aBilo,rr or nepeMeHnoil y. ,Qnn pesonbBeHrbl

ilMeeM ypaBHeHue: 
6-

R(€,n,t) = Ko(€,q,f) + lKo(s,4' t)R((,r7,s)ds '
i

Herpy4no 3aMerhrb, r{To 
€-

R6((,q,t) = -d(t,n) + 4G,rt)n\,n,t) - )d(s,q)R(s,q,t)ds .

€-

TorAa ur(x,(,n)=l+4(€,q)u(x,€,ry\- Jd(s,r7)u(x,t,r7)dt. OrcpAa 3aKrpqaeM, vro QynxqnR

u(x,€,rt) yAoBnerBoprer ypaBHenuo (23) il reM caMbrM 14 ypaBHenuo (18). t4s (24) ranxe nonyqaeM

rerKo n poBepff eMbre cooTHoueHilF:

Ecnta yvecru, vro

u(x, x,ry) = O,ur(x, x,r1) = 1,

€
l'^

u,(x,€,n) - -1 - l9((,r7,t)dt,i
urr(x,€,q) = R(€,n,x) =

= 4( x,n) + g - O d( x,r77 +' !lb,( x,n + ( x - s)d( a 2 )l x R((,r7, s) d s,

ro Synxqr,rn u(x,g, y) yAoBnerBopr"r rO"rr"rnJ'

(18)

(1s)

(20)

(21)

(24)

(25)
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u.q6,€,y)- Q$,y)u(x,(,y) + d(x,y)u(x'€'y) -- 0' (26)

ocyulecrenFF BblrlncfleHne Kpl4Bonnnefrnutx t4HTerpanoB no rpaHt4qan/| o6nacrr D) n yuvtut-

eas caoilcrea Qynxqran Pruaxa u(x,6,il ns (17) nonyqnM npeAcraBneHne peueHre saaa'lr (14)'

(15) Rng yPaBHeHrF (2) e enge:

u(x, y) -- u,(x, x,o)r.,(x) - llu,r(x,€ ,o) -lb,(€,O)u(x,€,O)IE + d(( '0)x
0

v ..

xu( x, (, o)l c,(€) d E - | 1u1 x, o,a1 7;14 ) - u, ( x, o, n) zi(n) + b''(0, r7 ) x
6

xb,(0,4)u(x,0,n)l fi(ry)I dn .

Ecnr yvecru, qTo ypaBHenrae (26) BblnonHfleTcn il npn Y = 0 , v ecnn Bocnonb3oBaTbcF cooT-

HOIUEHilFM14

u*(x, x,O) = -1 , ur(x,O,ril = 1+ b.,(0,r7)u(x,0,r1) + )d(t,r7)u(x't'r1)dt '
0

TO
v.

u(x,y) = r.'(x) + hU) - L'Q) - )u(x,0,q\7i(n)dq 
+

(27)

', ,, , 
x

+ 
[ ri@ an [d(('r1)u( 

x' ('r1)d ('

rpe r,(x) - noKa eu.le Her3BecrHat Syxxqr,rn. Herpy4no noKa3arb, vro Qynrqr,tn u(x'y)' onpeAe-

nFeMaF Sopuynofi (27), ypoenerBopger ycnoBngM (14), (15) r,l y4oenerBopner ypaenenrn (2)'

V1s (27) onpeAerlilM npoyl3BoAHyn ur(x,Y), xorF caMa Qyxxqnn eule Hen3BecrHa:

u,(x, h = r;(v) + u(x,O, v)nitfi + riU) !dG, v)u(x,€, v)d€,
0

n reM caMbtM cneA HopMarbHofi nponseognoil npn y -+ -0:
X

v.,(x) = ZiQ)+u(x,O,O)xiQ1+ flO)la$,0)u(x,(,0)d(' (28)

Herpygno noKa3arb, vro v,(x), onpeAenennar Qoptvtynoil (28), qBnFercF perueHneM cne-

Aylorl.,le14 3aAaqn:

fviQ) + b',(x,0)vi$)+ d(x, O)v' ( x) = O'

lv,(o) = riQ),viQ)= Z;Q).

Yxasanxoe ypaBHeH[e nerKo nonyqaercn t43 ypaBHeHnff (2) npn y ' -0'
4. l-lpegcraBneHhe peueHnn 3aAaqll 1 e o6nacrn Q '

B o6nacrr Q paccn/lorprM KpaeByo 3aAaqy AnF ypaBHerrs (3) c ycnoBrFMr:

u(x,O) =Vrr(x), ur(x,0) =Vz(rx),-1.,< x30,

u(O,Y)=tr(Y),0sYsh'

14HrerpnPYn roXAecrBo

ul)(O) - St-(u) = (Oru, + (brf)ru - cfu), -(8uo + tlou + br$ur),

rge q(d) = -Ow +@rO), -(c0),, rMeeM

(2e)

(30)

18 Ne 5 (s7) - 2016



onxcKl4i HayqHbtfi BecTHhK

JJ(ut-l (u) - $t-(u)d{dr7 =

= lksuro +t\ou+ brour)d{ +(4,u, +(bro)ou -cdu)dr7, 
(31)

fr

r4e Dj = {((,rt): x < € < 0, 0 < q < y},fr = DDJ.

OynxquerZ prn,tana Ha3oBeM peuJeHile cne4yrcqerZ 3aAaqil:
l-(rt) = -r\r, + (brt)n - (cO), = g,

4€,n)lr=r=o,x<( <0, t)r(€,dlo=r=1, x<q <0,

d(,€,ry) le=,= dx,n), O < rl < y,

(32)

(33)

(34)
rge A)$,rt) - perrJeHre cne.qyrculei 3aAaqh:

a* Q,n) - [br(x,r)d{x,ril1a + c1 x,r11r1, x,ry) = 0, O < rl < y,
&,x,q) lo=r= O, dt,x,q)lr=r=1. (35)

Kar il eulure ilHrerpfipyF ypaBHeHne (32), c yqeroM (33), (34) r,| (35), nphxoAt4M K 14Hrerpanb-
HoMy ypaBHeHilrc:

&g,ril = rl - y +'lror(,r, t)rx,(, t)dt,
;

rpe Ho((,r7,t) = br(€,f)+ (t- rilc(€,t), peuJeHile, Koroporo npeAcraBilMo B B|rAe

&,€,ry) = 0(y, €,r/) = rl - y *' 
I 
R,(€,n, t)(t - y) dt,

;
rge R,({,ry,O = i H,(€,q,t) - pesonsBeHra agpa Ho((,4,t) , a

H n(€,r1, t) =' I H oG, s, t) H,_,((,r,, s)ds, n = 1,2,... .

I

lAs (37) cneAyer, vro synxqr,'q pilN,raHa He 3aBucr4r or nepeMeH aoil x.
ocyqecranqF BblL{ilcneHilg Kpl4Bonrnetznsrx r4HTerpanoB no rpaHilLlana o6nacrr D. ra yvNrsr-

eaq ceoilcte Qyr-rxqr,ar,1 Prrraana ,X,y,(,ril r,ls (31) nonyrlilM npeAcraBreH[e perleHile 3aAaqil (2g), (30)
Anr ypaBHenrn (3) B BfiAe:

u(x, y) = rz(y) + V,6) - V/,e) -.!rX,V,€,0)W;G)O€ +
0-t 

,. ". I (38)
+ lvi{il a ( 

I 
c$,rfid{ y,o,rfi d r7,

rpe rr(y) - noKa eu.le Heil3BecrHae Qynrqr,,'n. HerpyAno noKa3arb, vro Qynxqr n u(x,y), onpeAe_
nFeMafl no QopMyne (38), yAoBnerBopner ycnoBilnrv (29), (30) r,l yAoBnerBopfler ypaBHenr,.ro (3).
l4cnonusyr nepBoe ycnoBhe (6) ras (38) onpeAenilM r"(h = e,(y) .

Hara4err,r u*(x,y) r,ts (38):

u r( x, y) = V/i$) -,){ y, x, O)Vie) + ryie) 
! ce, r) t}\ y,O, rl d r7,
0

il cneA nopnaanunorZ npou3BoAHoil npu x _+ _O:

vr(y) = t//iQ) - d\y,0,0)ry,,,(O) + yi@ lce,ril&,y,O1ildrt.
0

(36)

(37)

/eo\
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flpneonxcrui nayvnuli eecrHrr

HerpyAno noKa3arb, uro vr(y), onpe.qereHnan Sopnlynofi (39), eBnlercfl peuJeHileM ypaB-

HEHHfl:

v[(y) + br(O, y)vir(Y) + c(0, Y)v r(Y) = 0,

nonyvennoft 13 ypaBHeHt4n (3) npr x -+ -0, il yAoBnerBopeer ycnoBl4lM: vr(O) = W''t(O), vl(O) = V/;(0) .

5. flpegcraBneHne peueHnn 3aAaqll 1 a o6nacrn Q '

B o6nacrr Q paccuorpnM 3aAaqy:

L,(u) = u,,,-uo=0, (x,Y)e D'

u(0, y) = xr(Y), u,(0, y) = v z(y), u(1, y) = Qr(y),O < y < h,

u(x,0) = r.,(x), 0 < x < 1,.

lzlxrerpnpyn ypaBHeH ile (40), nueen,t:

U rr - U, = -W'(Y),

rAe w(y) npon3BonbHaF HenpepbtBHo-gilS$epexqnpyeMaq Qyuxqnn. TorAa Qynxqun

0(x,y)=w(y) flBngercn oAHr4M qacrHbrx peuennfr HeoAHopoAHoro ypaBHennn (43). B cnny nnnen'

Hocrr4 ypaBHexnn (43) 3aKnoqaeM, vro o6qee peuleHile sToro ypaBHeHilfl HMeeT BfiA

g0)

(41)

42\

(43)

u(x,Y) = z(x,Y) + w(Y) ,

rpe z(x,y) - o6ulee peuJeHile ypaBHeHuF

Zu-2,=0'

(44)

(45)

(46)

B cnny roro, qro np6aq KoHcraHra C rensercq peueHileM ypaBHeHilF (43), tuoxno poxa-

3arb, rrro Lv(O)= 0. B can,lorrlt Aene, paBeHcrao (44) MoxHo npeAcraBrrb B BnAe:

u(x, y) = 1z(x,y) + Cl+lw(y) - Cl = 2(x, y) + fr(y) ,

rpe Z(x,y)= Ax,y)+C,w(y)=w(y)-C. Orctola 3aKrpqaeM, L{ro ti(O)=0, ecnn C=w(0) ' Cne4o-

BarenbHo, MoxHo cr.rnrarb, qro B npeAcraBnennn (44) Synxqran w(y) ygoanerBopqer ycnoBillo

w(0)= 0.

f'lepexogn K npeAery npn y + +0 rs ypaBHeHhe (43) nueena

ri\) - v.,(x) = -w'(O), 0 < x < !,

r4e w'(0) - noKa HensBecrHaF KoHcraHra. Tax xax Qynxqnn v'(x) rseecrHa u onpeAeneHa no Qop-

Myne (28), ro tA3 (46) MoxHo onpeAennrb r.,(x) co creAylolLll4Mt4 ycnoBrnMt4:

r, (0) = ryt(O), r',(0) = t/rz(o), rr(L) = ar(O) '

Tor4a ns (40) n (41) p\nn z(x,t) nonyuilM cneAypulne ycnoBt4t:

z,(O,y)=vr(y),O<y<h,4(,y)=pr(y)-w(y),0<y<h,z(x,O)--t.,(x),0<x<(. (47)

Tenepu BbrnilueM perueHHe ypaBHeHt,tn (45), ygoenerBopn]oulee ycnoannnlt (47):

z( x, y) = -' ! G q r, y : o, rilv 20il d rt -' ! G, { r, ), ; t, il1,q,(il -
on o (49)

-w (rildrt + lcQ, yi(,o)rJ€)a 1,
0

rae G( x, y; €,n) = -+ Ll*r(-s+##) -'"0 [-
(x+{+4nl)2

4(v -n) l
(x-6-2t+4nt)2

20

_",0[
4(v -rt) )-.-o[- )] 

- *r'-unr r-puna
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fl pueonxcxui. nayvHslfr BecrHt4 K

Ecnn yvecrb, qro gna z(x,f) eutnonnnercn eu.le h coorHoueHile

z(o' Y) = tr(Y) - w(Y)'Q < Y < h'

ro us (48) nonyqfiM uHrerpanbHoe ypaBHeHue Bonureppa Broporo poga gnn w(y):

,.
w(y)+ lG,(x,y;t,n)w(ry)dry = g(y),

rAe

g(y) = r"(y)+ [GQ,y;o,rilv"(rDdn -'!e,{o,v;t,rilp,iildrt+ !G1o,v;(,o1r,G)d€,

Koro poe AonycKaer 
"oo, ""r""n 

*ou nun o"orlano-4 u$eeo"n u, ouitoe peuJeH ile.

TaruH,r o6pasov, AoKa3aHa cneAypqaff reopeMa: ecnil BbrnorHFtorcn ycnoBfiF

('1 1), rorga 3aAaqa 1 rrrlteer eAilHcrBeHHoe perueHile,

(4e)

(4), (10) u
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