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UNIFORM ESTIMATES FOR SOLUTIONS OF A CLASS OF NONLINEAR
EQUATIONS IN A FINITE-DIMENSIONAL SPACE

The need to study boundary value problems for elliptic parabolic equations is dictated by numerous
practical applications in the theoretical study of the processes of hydrodynamics, electrostatics,
mechanics, heat conduction, elasticity theory, quantum physics.

Let H (dimH > 1) — a finite-dimensional real Hilbert space with inner product (,-) and norm
| - |I. We will study the equation of the following form

u+L(u)=g€H,

where L(-) is a non-linear continuous transformation, ¢ is an element of the space H, u is the
required solution of the problem from H.

In this paper, we obtain two theorems on a priori estimates for solutions of nonlinear equations
in a finite-dimensional Hilbert space. The work consists of four items.

The conditions of the theorems are such that they can be used in the study of a certain class of
initial-boundary value problems to obtain strong a priori estimates. This is the meaning of these
theorems.

Key words: finite-dimensional Hilbert space, nonlinear equations, initial-boundary value problem,
weak solution, strong solution, a priori estimates of the solution.
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DJLIMITAKAJIBIK, TapabOoJIaJIbIK, TeHIEyJIep YIIiH EKapaJIbIK eCelTeP/Ii 3ePTTey KAXKeTTILIr ruIipo-
JUHAMUKA, 9JIEKTPOCTATHKA, MEXaAHUKA, KLY OTKI3TIIITIK, CEPIIMIIIK TEOPUSICHI XKOHE KBAHTTHIK,
buU3HMKa TPOIECTEPIH TEOPUSIJIBIK, 3ePTTEY/IE KOITEreH TPAKTUKAJIBIK, KOJIIAHYIaPIAH TYbIHIANH.
Ckassip kebeitringici (-, -) »kone HOpMmacs! || - || 6ap H (dimH > 1) — akpIpyibl HaKTHl ['manbepr
KEHICTIriH/Ie KeJlecl TypJleri TeHJiey 3epTTese/i

u+L(u)=geH,

MyHzaFbl L(-) — CBI3BIKTHI eMec y3imiceis Geitnesiey, g — H -TbIH amemenTi, w — H -Tarbl i3nemini
ITerniMi.

By xxymbicTa 613 aKbIPJIBI ©JIIIIEM/ Tl KEHICTIKTET] ChI3BIKTHIK, €MeC TEHIEY/IEP/I IIeITyTe apHAJFaH
ampuopJbIK Oarajaynrap OOMBIHINA €Ki TeopeMaHbl ajlaMbl3. Bys Teopemasap Oenriii 6ip mrap-
TTap/Ia JOJEIIEHE I, 0Jap CHI3BIKTHI eMeC OACTAIKBI-NIEeTTIK eCenTep/IiH, 6ip KJIACHIHBIH, COHIBI
OJIITIEM/Ti YKYBIKTAYIAPhIMEH KAHAFATTAHIBIPBLIATHIH IIAPTTAPIAH AJbIHFAH.

TeopemaHbIH, MApPTTAPBI KYIITI alPUOPJIBIK, Oarajayiap ajay VIMH 0aCTAIKBI-IIETTIK eCemTepIiH,
Gestristi 6ip KJIaChIH 3epTTEYe KoJmanyra 601aapl. Byir TeopeMasiap by Heri3ri MarbIHACHL OCBIHIA.

Tyitin ce3mep: axbIpabl ['MIbOEPT KEHICTITi, CHIBBIKTHIK, €MeC TEHJEY, OACTAIKBI-IITETTIK eCe,
QJICI3 TIerTiM, KYIITI MIeliM, MeMiMHIH allpuopJ/IblK, OaraJaHybl.
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PaBHOMepHBIE OIEHKU PeIleHnl OJHOr0 KJIACCa HEJIUHEWHBIX YPABHEHU B KOHEYHOMEPHOM
MPOCTPAHCTBE

HeobxoauMocTsb ncciie/oBaHusl KPAeBbIX 3a/a4 Uil JUIMIITHIECKUX MapabOINIeCKuX YPaBHEHUN
JIUKTYETCs] MHOTOIMCIEHHBIMU MPAKTUIECKUMU TPUJIOYKEHUSIMU TIPU TEOPETHIECKOM UCCIIE0BAHUH
[IPOIIECCOB TUIPOJUHAMUKY, 9JIEKTPOCTATUKN, MEXAHUKH, TEILJIOMIPOBOJHOCTH, TEOPUU YIIPYTOCTH,
KBAHTOBOH (hu3mKm.

B H — xoneunomeprom (dimH > 1) neficTBUTENILHOM THIBOEPTOBOM IIPOCTPAHCTEE CO CKAJISIPHBIM
npou3BesieHneM (-, -) U ¢ HOpMOIi || - || mccsesyercst ypaBHEHHE CIIEIyOIEro BUIA

u+L(u)=g€H,

rae L(-) — nesuneiinoe HenpepbIBHOE IPeobpa3oBaHue, g — 3JeMeHT npocrpancrsa H, u — uckomoe
perenne 3ama4n u3 H.

B macrosimmieit paboTe MOJTy9YeHbI JIBe T€OPEMbl 00 AINPUOPHBIX OIEHKAX DENIeH HeJINHETHBIX
VpaBHEHUI B KOHEYHOMEPHOM IIPOCTPAHCTBE. DTH TEOPEMbI JIOKA3aHbI IIPU BBIMTOJHEHUU HEKO-
TOPBIX YCJIOBHUIl, KOTOPBIE 3aMMCTBOBAHBI U3 YCJOBUN KOTOPBIM YJIOBJIETBOPSIIOT KOHEYHOMEDHBIE
AIIIPOKCUMAIIAN OJHOTO KJIACCA HEJIMHEHHBIX HAYaIbHO-KPAEBbIX 33J1aM.

VciioBUsT TEOPEM TAKOBBI, 9TO MX MOXKHO HCIOJIB30BATH HPU U3YyUYEHUH OIIPEIETEHHOTO KJIACCA
HAYAJIBHO-KPAEBLIX 3aJ1a4 Uil TOJIyIeHUsT CHJIbHBIX AlPUOPHBIX OIEHOK. B 3TOM CMBICI 9THX
TEOpEM.

KuirouyeBbie cJioBa: KOHEYHOMEDHOE T'MJIbOEPTOBOE IIPOCTPAHCTBO, HEJIMHEHHbIE ypABHEHWUS,
HaYaJbHO-KpaeBas 3ajada, cjaboe peleHue, CHILHOE pellleHre, allpHOPHBIE OIEHKN PEIeHUs.

1 Introduction

The problem of describing the dynamics of an incompressible fluid is an urgent problem of
our time.
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In mid-2000, the Clay Mathematics Institute formulated several unsolved problems of
mathematics in the millennium (The Millennium Prize Problems). One of the problems is the
existence and smoothness of solutions to the Navier—Stokes equations for an incompressible
viscous fluid [1].

Many mathematicians have worked on this problem and obtained significant results in [2]-
[4]. This problem is solved in the two-dimensional case of O.A. Ladyzhenskaya in [3|. The
work [4] provides a fairly complete analysis of the state of the problem and a review of the
available literature.

Works [5]- [12] are devoted to the study of the solvability in the whole of equations of
the Navier-Stokes type, the continuous dependence of the solution of a parabolic equation
and the smoothness of the solution. In papers [13|, [14] questions of the formulation and
their solvability of boundary value problems for high-order quasi-hyperbolic equations were
studied. The work [15], [16] is devoted to the dedication of Green’s function type Dirichlet
for a polyharmonic equation and the description of the correct boundary problem for the
polyharmonic operator. In the works [17]- [19], studied the questions of the Fredholm
solvability of the general problem Neumann for the elliptic equation of high order on the
plane.

The works [20]- [22] is devoted to the study of the uniqueness of the solution of time-
regular problems for some operator-differential equations of the form where the operator A
is: a) an operator with a Wave Operator with Displacement, 8) the Tricomi operator, ¢) an
arbitrary self-adjoint high-order elliptic differential operator.

In the work [23]| a complete proof of Theorem 2 is given in another form. This article is
a continuation of the work [23].

In this article, we obtain two theorems on a priory estimates for solutions of
nonlinear equations in a finite-dimensional space. These theorems are proved under certain
conditions, which are borrowed from the conditions that are satisfied by finite-dimensional
approximations of one class of nonlinear initial-boundary value problems.

2 Materials and methods
3 Used conditions and designations. Formulation of the main results

In this paper, we are engaged in the derivation of uniform estimates for solutions of nonlinear
equations of the form

u+L(u)=g€H, (1)

where H is a finite-dimensional Hilbert space, L (-) is a non-linear continuous transformation,
g is an element of the space H, the solution u of problem (1) is sought in H.

We aim at such finite-dimensional equations of the form (1), which are finite-dimensional
approximations of infinite-dimensional problems of the form (1) in an infinite-dimensional
Hilbert space. In this case, it will turn out to be very important to obtain estimates that
are independent of the approximation number and allow one to pass to the limit and obtain
an a priori estimate in the limit for solving the infinite-dimensional problem. The infinite-
dimensional problems of the form (1) that we are aiming at are, as a rule, problems of
mathematical physics written in a restricted form.
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In this section, f (u) will mean an operation of the form

fu)=u+L(u). (2)

If ¢ is a parameter from [0, +00) and the vector u (§) is a vector function continuously
differentiable with respect to the parameter £, then we assume that the vector function
L (u(§)) is also continuously differentiable, as well as the expressions arising from L(u) and

f(u) .
Let’s introduce the notation L, :
(L (w(€)))e = Lugeyue(E)- (3)
It is obvious that L, (for each u € H) will be a linear operator
L= (L(©), _ - (@

We have
(f (w(§)))e = ue + Luug = (E'+ Ly) ue.

Here and throughout what follows, E' is the identity transformation.
Denote
D, =E+1L;, (5)

Dy f (u) = (E+ L) f (u). (6)
Let us present the conditions used Ul-U4.

Condition U1l. For the transformation L (-) and the operators L., L}, D, and D}
conditions are met

[1L(u) = L)l + 1Ly = Lylla—m < o((lul)l[u = o], (7)

[Dyull + [[DG1 < @ llvlDIlwll, (8)

where ¥(+) is a continuous function on [0, 00).
Condition U2. There are linear invertible operators T and G such that

1G] <1, T <1, IGTH + T < oo, (9)
and for any uw € H the relations

(L(w),Tu) > 0, (Tu,u) > ||Gul|* > || Tull*. (10)

Condition U3. If u € H s an eigenvector of the operator G*G, then the inequality

lull* < (If@)]* +2)", m > 1. (11)

Condition U4. If D} f(u) = Au, A > 0, then

y(u) = (DL fwllul ™ = (@I +2) ™ [lull 7. (12)
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Theorem 1. If conditions Ul and U2 are satisfied, then for any g € H problem

flu)=g
has a solution uw € H such that the estimate

IGull < lgll- (13)

Remark 1. We will see in the applications that Theorem 1 allows us to obtain the
existence of a weak solution of a certain class of problems of mathematical physics written
in restricted notation (integral form), for which the problem

u+ L(u) =g

is a finite-dimensional approximation.
Theorem 2. If conditions U1, U2, U3 and Uj are satisfied, then the problem

u+ L(u) =g
for any g € H has a solution satisfying the estimate

lull® < Coexp{—{llgll*}}, (14)

where Cy is a constant number independent of g € H (depending on m— from condition UJ).

Remark 2. This theorem allows one to obtain the existence of a strong solution to some
problems of mathematical physics (written in a restricted form). Conditions U3 and U4 can
be noticeably weakened, but the remaining conditions Ul and U2 are not sufficient to obtain
estimate (14) from the theorem. It can be seen from the course of the proof of Theorem 2
that estimate (14) can be significantly improved. A complete proof of Theorem 2 in a slightly
different form is given in [23].

4 Proof of the theorem 1
The equation u+ L(u) = ¢ is scalarly multiplied by T'u. Then, using conditions U2, we obtain
(Tu,g) = (u, Tu) + (L(u), Tu) > (u, Tu) > |Gul>.
From this and condition U2 we get the estimate
IGull® < (Tu, g) < [|Tullllgll < [Gullllg]-
From this estimate we obtain the a priori estimate
|Gl < {lg]]- (15)

Denote
M ={u: (Tu,u) <8(Tg,qg)}. (16)
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Recall that (T'u,u) is positive (strictly!). Therefore, (T'u,u) and (Tg, g) can be taken as the
squares of norms.
Let the equation u + L(u) = g have no solution. Let us define the transformation F'(u):

u+L(u)—g
FU/ _= — T 5 . 7
) = Tt g et L =g ¥ 09 ()

Since the equation u + L(u) = ¢ has no solution, this transformation is continuous. But

(TF(u), F(u)) < 8(Tg,9).

Therefore, a continuous transformation takes the set M into itself. But then (since H is
finite-dimensional) according to Browder’s theorem, the transformation F' has a fixed point,
ie.,

F(ug) = up. (18)

Let us act on (18) with the operator T, and then scalarly multiply the resulting equality
by the vector ug + L(up) = g. Then using (17) we have

~ (T'(uo + L(uo) — g9),u0 + L(uo) — g)
VAT (uo + L(ug) — g), uo + L(ug) — g)
(Tug, up + L(ug) — g)

8(Tg,g) =

or

~V8VA(Tg, g) /(T (uo + L(uo) — g),uo + L(uo) — g) = (uo, T(uo + L(uo) — g)).  (19)

Let us scalarly multiply equality (18) by the vector T'(ug + L(ug) — ¢g). Then using (17)
instead of (19) we obtain

~V8/(Tg, 9) V(T (uo + L(uo) — ). uo + L(uo) — g) = (Tuo, uo + L(uo) — g). (20)
We add equalities (19) and (20), then we obtain

—VB\/[Tg. )/ o + Lluo) — 9),uo + L{ug) — g) =

% ((uo, T'(uo + L(uo) — g)) — (T'(uo + L(uo) — g),uo)) - (21)

Now, since (T, z) > ||Gz||> > 0, we can ; ((y, Tx) + (Ty, takex)) as the scalar product.
Then (T'z,z) and (y, Tz) + (Ty, y)— will be norm squares. Then, since the right side of (21)

must be negative, we get
—V8V/(Tyg,g) > —(Tug, uo)

V8\/(Tg,g) < —(Tug,up).

This inequality contradicts the membership of g in the set M from (16). Therefore, the
equation u + L(u) = g has a solution u, for which, due to (15), estimate (13) is satisfied.
Theorem 1 is proved.

Remark 3. Note that Theorem 1 can be proved under more general assumptions than
conditions Ul and U2. The above follows from the proof of the theorem. The formulation of
Theorem 1 given by us is convenient for us.

or
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