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Abstract—In this article, the existence and uniqueness of solution of the conjugation problem in a
rectangular domain for a third-order partial differential equation is proved, when the characteristic
equation has 3 multiple roots for y > 0, and it has 1 simple and 2 multiple roots for y < 0. Using the
Green’s functions and the method of integral equations, the solution of the problem is equivalently
reduced to solving the boundary value problem for the trace of the desired function at y = 0, and then
to solving the Fredholm integral equation of the 2nd kind. The one-valued solvability of Fredholm
integral equation of the 2nd kind is proved by the method of successive approximations. The solution
of the problem for y > 0 is constructed by the Green’s function method, and for y < 0 by reducing to
the problem of a two-dimensional Volterra integral equation of the 2nd kind.
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1. PROBLEM STATEMENTS

The theory of partial differential equations is one of the main directions in mathematical physics and
mechanics. The study of many problems in gas dynamics, elasticity theory, and the theory of plates
and shells leads to the consideration of high-order partial differential equations [1]. Third-order partial
differential equations are considered when solving a number of problems in the theory of nonlinear
acoustics, in the hydrodynamic theory of space plasma and fluid filtration in porous media, as well as
wave propagation in weakly dispersive media, in cold plasma and hydrodynamics [2]. It is of interest to
study boundary value problems when combining different types of equations.

Statement of the Problem 1. In the domain D =
{
(x, y) : 0 < x < �, −h1 < y < h

}
(�, h, h1 >

0) we consider an equation

L1(u) ≡ uxxx − uxy = 0, (x, y) ∈ D1 = D ∩ (y > 0), (1)

L2(u) ≡ uxxy + aux + buy + cu = 0, (x, y) ∈ D2 = D ∩ (y < 0), (2)

where a, b, and c are given functions and

a(x, y), ax(x, y), b(x, y), by(x, y), c(x, y) ∈ C(D̄2). (3)

Problem 1. Find in the domain D the function u(x, y) from the class C(D̄) ∩C1(D) ∩
[
C3,1(D1) ∪

C2,1(D2)
]
, satisfying the equation (1) in the domain D1 and the boundary conditions

u(0, y) = ϕ1(y), u(�, y) = ϕ2(y), 0 ≤ y ≤ h, (4)
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ux(0, y) = ϕ3(y), 0 ≤ y ≤ h, (5)

satisfying the equation (2) in the domain D2 and the boundary conditions

u(0, y) = ψ1(y), ux(0, y) = ψ2(y), −h1 ≤ y ≤ 0, (6)

where ϕi(y)
(
i = 1, 3

)
, ψj(y) (j = 1, 2) are given functions and

ϕ1(0) = ψ1(0), ϕ3(0) = ψ2(0). (7)

The equation (1) in the region D1 with respect to the highest derivative has a 3-fold characteristic y =
const, and the equation (2) in the domain D2 with respect to the highest derivative has one 2-multiple
characteristic y = const and one simple characteristic x = const. According to the classification from
[3], the equation (1) corresponds to the first canonical form, and the equation (2) corresponds to the
second canonical form. Consequently, in the domain D, when passing through the line y = 0, the type
of equation changes. Therefore, the equations (1) and (2) together are an equation of mixed type [4].
The equation (1) in [5] is called an equation with multiple characteristics and in this work [5] the various
boundary value problems for mixed equation are studied. We note, that various boundary value problems
for third- and high-order equations are considered by many authors, for example, in [6–23].

2. REDUCING THE PROBLEM TO AN INTEGRAL EQUATION

From the formulation of Problem 1 it follows that the following gluing conditions are satisfied on the
line y = 0 [4]

∀x ∈ [0, �] : u(x,−0) = u(x,+0) = τ(x), uy(x,−0) = uy(x,+0) = ν(x),

where τ(x) and ν(x) are yet unknown functions to be determined.
Passing to the limit at y → +0 from the equation (1), we have the relation between the functions τ(x)

and ν(x), obtained from the domain D1

τ ′′′(x)− ν ′(x) = 0. (8)

In addition, from the formulation of Problem 1 we have the following matching conditions

τ(0) = ϕ1(0), τ(�) = ϕ2(0), τ ′(0) = ϕ3(0).

Passing to the limit at y → −0 from the equation (2), we have the relation between the functions τ(x)
and ν(x), obtained from the domain D2

ν ′′(x) + a(x, 0)τ ′(x) + b(x, 0)ν(x) + c(x, 0)τ(x) = 0. (9)

Let’s represent the equation (9) in the form

ν ′′(x) + b(x, 0)ν(x) = T(x), (10)

where T(x) = −a(x, 0)τ ′(x)− c(x, 0)τ(x). From the matching condition obtained from the region D2,
we have

ν(0) = ψ′
1(0), ν ′(0) = ψ′

2(0). (11)

Using the integration method, we reduce the solution of the equation (10), satisfying the conditions (11),
to the Volterra integral equation of the 2nd kind

ν(x) =

x∫

0

K1(x, ξ) ν(ξ)dξ +

x∫

0

(x− ξ)T(ξ)dξ + ψ(x), (12)

where K1(x, ξ) = −(x− ξ)b(ξ, 0), ψ(x) = ψ′
1(0) + ψ′

2(0)x.
We note that ∀ (x, ξ) ∈ [0, �]× [0, �]: K1(x, ξ) ∈ C([0, �]× [0, �]). By the symbol Γ1(x, ξ) we denote

the resolvent of the kernel K1(x, ξ). Then, the solution to the equation (12) can be represented as

ν(x) =

x∫

0

Γ(x, ξ)T(ξ)dξ +Ψ(x), (13)
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where

Γ(x, ξ) = x− ξ +

x∫

ξ

(t− ξ)Γ1(x, t)dt, Ψ(x) = ψ(x) +

x∫

0

Γ1(x, ξ)ψ(ξ)dξ.

Next, substituting the value T(x) into (13), after some transformation, we arrive at a functional
relationship between the functions ν(x) and τ(x), obtained from the domain D2

ν(x) =

x∫

0

K2(x, ξ) τ(ξ)dξ + f1(x), (14)

where K2(x, ξ) = [aξ(ξ, 0) − c(ξ, 0)]Γ(x, ξ) + a(ξ, 0)Γξ(x, ξ), f1(x) = a(0, 0)ψ1(0)Γ(x, 0) + Ψ(x).
Eliminating ν(x) from (8) and (14), we obtain an integro-differential equation for determining τ(x)

τ ′′′(x) + a(x, 0)τ(x) =

x∫

0

K2x(x, ξ) τ(ξ)dξ + f ′
1(x). (15)

Let’s represent the equation (15) in the form

τ ′′′(x) = F (x, τ), (16)

where

F (x, τ) ≡ −a(x, 0)τ(x) +

x∫

0

K2x(x, ξ) τ(ξ)dξ + f ′
1(x).

We introduce a new function τ1(x) :

τ(x) = τ1(x) + z(x), (17)

where z(x) = [ϕ2(0)− ϕ1(0)− ϕ3(0)�]
x2

�2 + ϕ3(0)x + ϕ1(0). Then, for τ1(x) we obtain the following
boundary value problem

τ ′′′1 (x) = F (x, τ), (18)

τ1(0) = 0, τ1(�) = 0, τ ′1(0) = 0. (19)

It is not difficult to prove that the homogeneous problem (18) and (19) has only a trivial solution.
Therefore, there is a unique Green’s function for this problem. To obtain an explicit solution to the
problem (18) and (19) we will use the Green’s function method [24]. We will look for the Green’s function
in the form

G1(x, ξ) =

{
α1x

2 + β1x+ γ1, 0 ≤ x ≤ ξ,

α2x
2 + β2x+ γ2, ξ ≤ x ≤ �,

(20)

where αi, βi, γi (i = 1, 2) are yet unknown functions of ξ. The function G1(x, ξ) must satisfy the
following boundary conditions

G1(0, ξ) = 0, G1(�, ξ) = 0, G1x(0, ξ) = 0 (21)

and pairing (gluing) conditions

G1(ξ + 0, ξ)−G1(ξ − 0, ξ) = 0, G1x(ξ + 0, ξ) −G1x(ξ − 0, ξ) = 0, (22)

G1xx(ξ + 0, ξ) −G1xx(ξ − 0, ξ) = 1. (23)

Using the conditions (21), (22), and (23), we determine the coefficients

α1 = −(ξ − �)2

2�2
, β1 = 0, γ1 = 0, α2 =

2�ξ − ξ2

2�2
, β2 = −ξ, γ2 =

ξ2

2
.
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Therefore, taking into account (20), the Green’s function has the form

G1(x, ξ) =

{
− x2

2�2 (�− ξ)2, 0 ≤ x ≤ ξ,
ξ(�−x)
2�2 (xξ + �ξ − 2�x), ξ ≤ x ≤ �.

The Green’s function can be represented as [22]

G1(x, ξ) =

{
ξ(�−x)
2�2

(xξ + �ξ − 2�x), 0 ≤ ξ ≤ x,

− x2

2�2
(�− ξ)2, x ≤ ξ ≤ �.

Thus, the solution to the problem (18) and (19) has the form

τ1(x) =

�∫

0

G1(x, ξ)F (ξ, τ)dξ. (24)

Then, from (17) taking into account (24), for τ(x) we arrive at the Fredholm integral equation of the
second kind

τ(x) =

�∫

0

K(x, ξ)τ(ξ)dξ + z1(x), (25)

where

K(x, ξ) = −a(ξ, 0)G1(x, ξ) +

�∫

ξ

G1(x, t)K2x(t, ξ)dt, z1(x) = z(x) +

�∫

0

G1(x, ξ)f
′
1(ξ)dξ.

Let ||K|| = max0≤x,ξ≤� |K(x, ξ)|. If

||K|| < 1, (26)

then the solution to the equation (25) exists and is unique [24]. Thus, τ(x) is completely defined.

3. CONSTRUCTING A SOLUTION TO A PROBLEM IN THE DOMAIN D1

After defining τ(x) to construct a solution to Problem 1 in the domain D1, consider the following
auxiliary problem.

Problem 1.1. Find in the domain D1 the function u(x, y) ∈ C(D̄1) ∩C1(D1) ∩C3,1(D1), satisfying
the equation (1), the boundary conditions (4), (5) and the initial condition

u(x, 0) = τ(x), 0 ≤ x ≤ �. (27)

We introduce the denotation

ux(x, y) = υ(x, y), (x, y) ∈ D1. (28)

Let

υ(�, y) = ϕ(y), 0 ≤ y ≤ h, (29)

where ϕ(y) is yet unknown function. Then, taking into account (28), from the equation (1) we have

υxx − υy = 0, (x, y) ∈ D1. (30)

The solution to the equation (30), satisfying the conditions (5), (29) and υ (x, 0) = τ ′ (x) has the form

υ (x, y) =

y∫

0

Gξ (x, y; 0, η)ϕ3(η)dη −
y∫

0

Gξ (x, y; �, η)ϕ(η)dη
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+

�∫

0

G (x, y; ξ, 0) τ ′ (ξ) dξ, (x, y) ∈ D1, (31)

where

G(x, y; ξ, η) =
1

2
√

π(y − η)

n=+∞∑

n=−∞

[
exp

(
−(x− ξ + 2n�)2

4(y − η)

)
− exp

(
−(x+ ξ + 2n�)2

4(y − η)

)]

is Green function [23].
Integrating (31) over x in the range from 0 to x and taking into account the first condition (4), we

have

u (x, y) = ϕ1(y) +

x∫

0

dt

y∫

0

Gξ (t, y; 0, η)ϕ3(η)dη −
x∫

0

dt

y∫

0

Gξ (t, y; �, η)ϕ(η)dη

+

x∫

0

dt

�∫

0

G (t, y; ξ, 0) τ ′ (ξ) dξ, (x, y) ∈ D1. (32)

From here, using the second condition (4), we get
y∫

0

⎡

⎣
�∫

0

Gξ (t, y; �, η) dt

⎤

⎦ϕ(η)dη = Φ(y), (33)

where

Φ(y) = ϕ1(y)− ϕ2(y) +

�∫

0

dt

y∫

0

Gξ (t, y; 0, η)ϕ3(η)dη +

�∫

0

dt

�∫

0

G (t, y; ξ, 0) τ ′ (ξ) dξ.

It’s easy to see that

Gξ(t, y; �, η) = − 1
√
π(y − η)

∂

∂ t

{
exp

[
− (t− �)2

4(y − η)

]}
+

1

4
√

π(y − η)3

×
{ +∞∑

n=−∞
n �=0

[t+ (2n − 1)�] exp

[
− [t+ (2n − 1)�]2

4(y − η)

]

+

+∞∑

n=−∞
n �=−1

[t+ (2n+ 1)�] exp

[
− [t+ (2n+ 1)�]2

4(y − η)

]}
.

Then, we have
�∫

0

Gξ(t, y; �, η)dt = − 1√
π
√
y − η

+
1√
π
N1(y, η), (34)

where

N1(y, η) =
1√
y − η

exp

(
− �2

4(y − η)

)
+

1

4
√

(y − η)3

×
�∫

0

{ +∞∑

n=−∞
n �=0

[t+ (2n − 1)�] exp

[
− [t+ (2n − 1)�]2

4(y − η)

]
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+
+∞∑

n=−∞
n �=−1

[t+ (2n+ 1)�] exp

[
− [t+ (2n + 1)�]2

4(y − η)

]}
dt.

Taking into account (34), we write the equation (33) in the form
y∫

0

ϕ(η)√
y − η

dη =

y∫

0

N1(y, η)ϕ(η)dη −
√
πΦ(y), (35)

Inverting the equation (35) as the Abel integral equation, we obtain the Volterra integral equation of the
2nd kind [24]

ϕ(y) =

y∫

0

N(y, η)ϕ(η)dη +Φ1(y),

which admits a unique solution, where

N(y, η) =
1

π

y∫

η

N1t(t, η)√
y − t

dt, Φ1(y) = − 1√
π

y∫

0

Φ′(η)√
y − η

dη.

After determining ϕ(y), the solution to Problem 1 is determined by the formula (32).

4. CONSTRUCTING A SOLUTION TO A PROBLEM IN THE DOMAIN D2

After defining τ(x), solving Problem 1 in the domain D2 is reduced to solving the following auxiliary
problem.

Problem 1.2. Find in the domain D2 the function u(x, y) ∈ C(D̄2) ∩C1(D2) ∩C2,1(D2), satisfying
the equation (2), the boundary conditions (6) and the initial condition (27).

To obtain solutions to Problem 1.2, we integrate the equation (2) over x twice in the range from 0 to
x and taking into account the boundary conditions (6), we obtain

uy(x, y) = g1(x, y) +

x∫

0

P1(x, y, ξ)uy(ξ, y)dξ +

x∫

0

Q1(x, y, ξ)u(ξ, y)dξ, (36)

where
g1(x, y) = χ′

1(y) + χ′
2(y)x+ a(0, y)χ1(y)x, P1(x, y, ξ) = (ξ − x)b(ξ, y),

Q1(x, y, ξ) = (x− ξ)[aξ(ξ, y)− c(ξ, y)] − a(ξ, y).

Let R1(x, y, ξ) be resolvent of the kernel P1(x, y, ξ). Inverting the integral equation (36) with respect to
uy(x, y), we have

uy(x, y) = g(x, y) +

x∫

0

Q(x, y, ξ)u(ξ, y)dξ, (37)

where

g(x, y) = g1(x, y) +

x∫

0

R1(x, y, t)g1(t, y)dt,

Q(x, y, ξ) = Q1(x, y, ξ) +

x∫

ξ

R1(x, y, t)Q1(t, y, ξ)dt.
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Integrating (37) over y, ranging from y to 0, we obtain the Volterra integral equation of the 2-nd kind
with two independent variables

u(x, y) = u0(x, y) +

x∫

0

dξ

y∫

0

Q(x, η, ξ)u(ξ, η)dη, (38)

where

u0(x, y) = τ(x) +

y∫

0

g(x, η)dη.

Using the method of successive approximations [24], we will find a unique solution to the equation (38)
and thereby find a solution to Problem 1.2. Thus, it is proven

Theorem 1. If the conditions (3), (7), and (26) are met, then the solution to problem 1 exists
and is unique.

5. PROBLEM STATEMENT 2

Let D denote the same domain described in Section 1.
Problem 2. Find in the domain D a function u(x, y) from the class C(D̄) ∩ C1(D)∩ ∩[C3,1(D1) ∪

C2,1(D2)], satisfying the equation (1) in the domain D1 and the boundary conditions

u(0, y) = ϕ1(y), 0 ≤ y ≤ h,

ux(0, y) = ϕ3(y), 0 ≤ y ≤ h, ux(�, y) = ϕ4(y), (39)

satisfying the equation (2) in the domain D2 and the boundary conditions

u(0, y) = ψ1(y), ux(0, y) = ψ2(y), −h1 ≤ y ≤ 0,

where ϕi(y) (i = 1, 3) and ψj(y) (j = 1, 2) are given functions and

ϕ1(0) = ψ1(0), ϕ3(0) = ψ2(0). (40)

To solve Problem 2, we will use the same notation used to solve Problem 1. Passing to the limit at
y → +0 from the equation (1) we obtain the relation (8), and for τ(x)—matching conditions

τ(0) = ϕ1(0), τ ′(0) = ϕ3(0), τ ′(�) = ϕ4(0).

The relation obtained from the region D2, as in Problem 1, has the form (9), and the matching conditions
will take the form (11). Excluding ν(x) from (8) and (14), to determine τ(x) we obtain the equation (16).

By introducing a new function τ2(x) according to the formula τ(x) = τ2(x) + ω(x), where ω(x) =

[ϕ4(0) − ϕ3(0)]
x2

2� + ϕ3(0)x+ ϕ1(0), we arrive at the following problem

τ ′′′2 (x) = F (x, τ), (41)

τ2(0) = 0, τ ′2(0) = 0, τ ′2(�) = 0. (42)

To obtain a representation of the solution to the problem (41) and (42), we construct the Green’s
function G2(x, ξ), which must satisfy the following conditions

G2(0, ξ) = 0, G2x(0, ξ) = 0, G2x(�, ξ) = 0,

G2(ξ + 0, ξ)−G2(ξ − 0, ξ) = 0, G2x(ξ + 0, ξ) −G2x(ξ − 0, ξ) = 0,

G2xx(ξ + 0, ξ) −G2xx(ξ − 0, ξ) = 1.

It is easy to check that such a function exists and it has the form

G2(x, ξ) =

{
ξ
2�(x

2 − 2�x+ �ξ), 0 ≤ ξ ≤ x,

−x2(�−ξ)
2� , x ≤ ξ ≤ �.
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Thus, the solution to the problem (41) and (42) can be represented in the form

τ2(x) =

�∫

0

G2(x, ξ)F (ξ, τ)dξ.

Then, for τ(x) we arrive at the Fredholm integral equation of the second kind

τ(x) =

�∫

0

H(x, ξ)τ(ξ)dξ + ω1(x), (43)

where

H(x, ξ) = −a(ξ, 0)G2(x, ξ) +

�∫

ξ

G2(x, t)K2t(t, ξ)dt, ω1(x) = ω(x) +

�∫

0

G2(x, ξ)f
′
1(ξ)dξ.

Let ||H|| = max0≤x,ξ≤� |H(x, ξ)|. If

||H|| < 1, (44)

then the solution to the equation (43) exists and is unique [25].
After defining τ(x), to solve Problem 2 in the region D1, we introduce the notation

ux(x, y) = w(x, y), (x, y) ∈ D1. (45)

Then, for w(x, y) we arrive at the first boundary value problem

wxx − wy = 0, (x, y) ∈ D1,

w(0, y) = ϕ3(y), w(�, y) = ϕ4(y), 0 ≤ y ≤ h,

w(x, 0) = τ ′(x), 0 ≤ x ≤ �,

which solution has the form

w (x, y) =

y∫

0

Gξ (x, y; 0, η)ϕ3(η)dη −
y∫

0

Gξ (x, y; �, η)ϕ4(η)dη +

�∫

0

G (x, y; ξ, 0) τ ′ (ξ) dξ, (46)

where G(x, y; ξ, η) is the Green’s function [26]. Integrating the relation (46) over x in the range from
0 to x and taking into account the notation (45), as well as the condition (39), we find the solution to
Problem 2 in the region D1 as

u (x, y) = ϕ1(y) +

x∫

0

w(ξ, y)dξ, (x, y) ∈ D1.

The solution to Problem 2 in the domain D2 is defined in the same way as the solution to Problem
1.2. Thus, it is proven

Theorem 2. If the conditions (3), (40), and (44) are met, then the solution to problem 2 exists
and is unique.
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