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s Upedorss Estinmton for Sclations of a Choo od Nolisess Eqpiat soon

I wnkd- 2000, the Clay Muthematics lustitote Sornmbated soveral wsolved problems of
soathesmuties | U milenmi {The Millesuium Prise Problems|. One of the peoldens s the
exbrence and szt heess of salutioos 10 the Navier-Stokes equations for as meoespecssible
viscoess Bakd [1],

Muny it heanat iotans baw worked o this probles and obtasned siguificunt esults b [2]-
H. This problem s solved i the two-diswesdounl cise of O.A. Ladyzhenshay (o 3. The
wark |3 peovides @ fakrly completo usadvsis of the state of the problom aud & oview of the
avullable Breeutiare.

Works [0} [12] wro devotued to the study of the sobwlility u the wholbe of ogquatices of
the Navier-Stakes type. the continsoos dependence of the salution of o purabolic equation
and the sioothnse of the sobstion. [n papers (LY, [14] questions of the formlation sl
thelr scbwldbity of houndary valoe prohlems for bligh-onder quad-hypebolic equations wee
studied. The work [10], [16 & devited to the dedleation of Groen's fusctioe type Dizichlet
for u polybansonle equation and the deseription of the corroet bonsdary problem S 1he
polybarmonie operatar. In the works |I7] |1, studad the geestions of the Prodhobs
sodvabulity of the peneral peobles Newans foe the elliptle oquation of kigh peder o the
plane

The woeks J20}- |22 s devoted to the study af the unbgeenes of the solution of tise
regubar probloss foe wime operator-difforestial squations of the fonn where the opesutor A
B ) s opesutor with a Wave Openator with Displucement, o) the Tricoel operater, ¢ an
arbitrary self-udjoint bighorder elliptic ditferentinl operstor.

I the work |23 o complote peool of Thearess 2 & given n anothor fors. This wrtide =
& cotiniation of the work (2§

In th artielo, wo obtatn two thewrets ot w pelcry esthoates for soluthoos of
vonlisewr equutions s o Bnite-dinnmshoosal speee. These thawvis we proved e certaln
conditions, which wre horrownd from the conditions that we satisdied by fiuite dinensknal
appeoxtnuations of ome class of noslmess Inithul-boundary wibse peoblems.

2 Materials and methods
3 Used conditions und designations. Formulation of the main results

Lis this paper, wee wee engaged bo U diivation of uniform estinatis for suluthos of eonlimear
equations of the form

e Lie)=geHl (1

whete H & a fsite-diniessional Hillort space, L (1) bs & nou-lsear coat unous trasfonmation,
¢ ks an dlesont of the space H, the solution u of problnm (1) & sought s 4.

We adant b sucs festte-dbmesssional equations of the form (1), whick are Snlte-dimensiond
approximatians of mfnito-dmonsiosal peoblems of the forme (1) W an kedinte dinensionsl
Hilbert space. I this cue, it will tumm out to be very bupoctast 1o obtals estisates that
are indopendent of the appeoximation musber and wlbow 100 to pres to the Tkt and obtaln
wn e peiod estime lu the lsat for sobving the dinite-dinetstonal peoblem. The milune
dimensiond problews of the form (1) that we e g ot wy, as o mde, probless of
muthematieal physics writton 1o @ pestricted fooa
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L this sertion, f{u) will mess ae operation of the ke

(0] =w e Lfu), (2

I &b u parumeter from 0, 40¢) wnd tho wotor u{€] & & woetor fusetion coutimscmly
differvmtiable with respect 10 the paneneter £ then wo asteme that the wotoe fusetion
L(uig)) s abso contisomly differvntiable. s will a5 the exprossioes artsing from Liu) and
Jiw)

Lot's introduce the notation L, -

(L WD), = Lgguelé): @
I bs olwvioos that L, (for ench o € H) will be o lseur operatoc

Lur= (L (i)l 1l

We hase
(f (nE)) g = vg + Lo = (E » L)
Here and theoughout what falloes, E b the dentaty thusdornathn.
Donotn
ol=E« L L]
Oof (n) = (E+ L) [ () (6)

Lot we present the coeelitions wod U1-UL
Coudition Ul. For the trunsformation L{) end the operstors L L. D, and D]
rmditions are mot

HLiu) = Liw) + BLy = Lillw-sw < olinf)bu = o), O

10, af + 1004 < el 18 Ll
where 1) 46 4 condivuous fumition o [0, x).
Conditlon U2, There we linver mvertille operutors T and (0 such that

[ S ATI S8, 1674 1T < )
and for eny u € H the welatins
(Lfu). Twy 2 0. (Tew) 260" 2 7). (10]

Condition UD, If u € H u e cigensector of the operator GG, then the mpuslity
Il* < ()P # 2)", m2 L (1)

Condithon UL, Jf 2 flu] = Aw, A > 0, then
ylu) = (O o)l 2 (LA +2)7 fuf ™, (32)

26



X Usslorms Eatozston for Salutionin of u Close o Nocliese Fapaations .

Theovem 1. Jf conditions UUf und U2 are satufied. then for any ¢ € H prodlem

Ji) =y
bus o salution w € H osvch thad the esdimale

(Gl < ol (4

Remark 1. We will s i the upplications that Theotom 1 alkss us to obtaln the
existinice of a weak solution of o cortain chss of peobles of muthematical plysis writton
w resteletod motation (mtegenl foom), he which the prebiles

ue Liu) =y

5 0 flito-dissosedonal appeoxisation.
Theorem 2. Jf conditions U2, UL U and I'§ are sutifind. then the problem

w4 Liuj =y
for uny g € H has ¢ solution satisfying the extrnate
In1® < Coexpl = (ai’}}- (1)

where O 10 0 coustent nembesr independent of g € H (depending on m- from condition UJ).
Remark 2. This theaews allows me to obitidn the exdsteses of & strang soitho 10 some

problims of mathematical piysies (written (s a restrieted form). Conditioes Ul and U can
b notloembly wesdomed. bt the remainug conditioos Ul sd U2 we not suffickean to obain
estisade (14) froe the thecvens It can be sen from the tourse of the proof of Theotem 2

that estimute [14) cus be shgificastly lsproved. A complote prodf of Theoren 2 b a slightly
differsat foam & gven | 23],

4 Proof of the thearem §
The cquathon u s Lin) = g bescalurly mmltiphed by Tw Thes, wleg condithns U2, we dbtay
(T, 9) = (0.Tu) (L), T} 2 (o T) 2 ONP°
Frow this and condition U2 we get the esthnute
UGl < Twg) < ITulllell 5 wiodl
From this estimaty we obtals the & pelort estlto

16l < ol (1)

Dvuote
M= {u: (Tu,u) £ 8(Ty.9}). (18]

27



B Keoskssurr ot al, 2

Recall that (T, u) b posttive (strictiv!). Thervfoee, (T, o) and (7. 9) cun be taken as the
wijuires of porms.
Let the eguation w + Lin) = ¢ e no sodution. Let us dofise the transdanmation Fu);

Flu) = ‘%V;u - 95- (17)
b Lin)=g)lwe Lju) =y

Since the aquation w + Liu) = g has no solutice, this wansfoemation & eontlssons. B

(TF(u), Fiu)) < 8T, 4),

Therebare. u contianons trusdormation tules the st M o el But then (sloce M
finte-dimersional) aceonding 1o Browder's theooon, the trussdonnation ' ks a fixed paine,
e,

Flug) = ue. (18]

Lot v wet o (18) with the operator 7', aned thes sealarly mnleiply the sesultleg oqualicy
by the vectar uy + Liug) = ¢. Thes mduy (17) ww e

Tlwg + Llug) = g), w4 Liwg) = g)
* VETy, g =
74’]“0 " th&l -yl l'-qu) -4 HT5.9)

(Thig, 1y + L{wg) = g)

BT )/ TTTuy + Ly = 00ty + Llug) = ) = (g Ting & Llwg) < g)). (19
Let ws seaduely unitiply eoality (18) by the wetor T'{ug + L{wg) « g). Then usng (17)
instew] of 119) we obitain
AR Ty )V T + L] = gt + Liw) = ) = (Toog o o Lisg) < g} (0]
W ndd equalitses (19) usd (20, then wo obtaly

VA TT.07y/ Ty + Liig) - 91 %, + Llugl = 9] =

i((m-ﬂn * Ling) = g)) = Ty + Litg) = 9}, 7). (21}

Now, smee (T2, ) 2 |Gl > 0, wo can § ({9, T) + (Ty. taker]) as the sealir product.
Then (Tx, o) aud (. T2) 4 (T, u)~ will be nove squares. Then, stnce the righe dide of (21)

st be negative, we gt -
VBT 05 2 = (T ug)

vﬁ\/ﬂms S =Ty ),

This tnoguality contradiets the membership of sy lo the set M from {16). Theekee, the
oquation & ¢ L{u) = ¢ hos « sobatsan w, for which, due to (15), estlmate (13) b sstistiod.

Theorvam 1 s proved.
Remark 3. Note that Theorem 1 can be proved under moer groeral ssumptioos than

coaditions U1 ued U2 The above follows Fromn the peocd of the thiveen, The foosmlation of
Thevro § given by s s ooovenlent for us,

o
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Orenbaes M.', KoxoGekosa II.? ‘Mncrmyr MATEMATHRKM ¥ MAaTEMATUYECKOro
MopmeymupoBanua, Tr.Amath, Kaszaxcras; Omexuit TOCYyJApCTBEHHEHH YHUBEPCHTET,
r.Om, Kspruscras; zpardaz@mail.ru

B patorax [1]-[5] nceaesosann BO3MOKHOCTH HCHOAL30BANNA JACPHOTO HCTOMHIKA
TelIa s CO3TARNA B 3aaHHBIX VIACTKAX TeJa HeoOX0AHMOro Temiosoro noas. Takas
Il(f()C\X()AHMOC'I‘b BO3ZHHKACT B CBA3H € TEM, 4YTO PAKOBBLIC KJICTKH IIPH TCMIEpaType 1npH-
oanzureasno papioym 46Y 1o C yaupaior, a GoJBIMHACTEO 0OBIUYHLIX KICTOK OCTAIOTCH
ACHBLIMH.,

[losnas cucrema ypasuenuii MArHHTHON IHAPOJHHAMHKH HECZKHMAEMONR KHIKOCTH B

BPK‘T‘)pH()n d)opr? COCTOHT U3 YPABHEHHHA JBHACHHH

AW

Lt
f dt

H3 VPABHEHHS IHEPIHI
pogp =MT +pd+ L,

®() = 2((24% + (L) + (L)) — (diviV)?,

o dr

VpasHeuus MAPHHTHOR LY KIHH

dB — = 1 =
22 —rot [u x R] | AW, (3)
dt HROR
VPABHCHNS HEPAIPLIBHOCTH
divW = (. {4)
—
Buecy T — remueparypa, p— WIOTHOCTD, j— ToK. W = (1, v, w)— BEKTOp CKOpOCTH,
%—,’: ~ O3HAYACT NOJTHYIO TPOH3BOJIHYIO.

=
B (1) - (4) ckanap P— pagnenne, B—Marnurias HIIYKIRH, X — 03na4aer oOb4noe

BEKTOPHOE 1pOU3BeIeHne.
,:L‘lﬂ NOJYVICHHA FAMKHVTOH CHCTEMDI ,’l()()ﬂ[i’lﬂ("l'(‘.ﬂ VPABHCHHE 3dKOHA Ona

TS R
= R — gradP + pAW + “Hl(rr)iB x B, (1)

i yvpapaennst Makesenia:

rot 1 J. div D T (6)

rotE = —‘:]—r.dir! B =0. (7)
a

rot B = pgj. (8)

Hae Gyaer ocobo uurepecosars ypasnenne (2), tak kak yvupasiss ¢ mMoxno cosgasarh
BHYTPH ODJACTH VIACTKM, /1€ TEMIIEPATYPA BHIITE, 9eM B OCTATBHBIX _\"lﬂ["]‘l\'ax._[:[() st
yupasienus $(+) Gyaer neodXoAMMO VUPABAATL PPAnNYHLIMG 3uadennavn s Wou ais
B.

Takas 3aaa9a uneer konTuayya pemennii. [TosToMy MOAKHO YHPARIATL HAYAILHBIMH
H IPAHHYHBIME YCJIOBHAMH.

Teopema 1. Maremarnueckn takas 3a/a49a BIOJAHE PAZPCHINMA.
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