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We �nd the function u2(x, y) using the Fourier method (separation of variables).

u2(x, y) =
∞∑
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the coe�cients of which we select so that u(x, y) satis�es conditions (10)�(12).
Note that the local boundary value problem for equation (1) in the domain D was

studied in [3].
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On a singularly perturbed problem with unstable spectrum
Sadieva A. S.1, Tursunov D. A.2, Orozov M.O.
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One of the main results in the theory of singularly perturbed equations is the theorem
of A.N. Tikhonov on the passage to the limit. He formulated su�cient conditions under
which the solution to the perturbed problem and the solution to the unperturbed system
are asymptotically close. Further, these su�cient conditions came to be called stability
conditions. The �rst work, when the stability conditions are violated on a certain segment,
but the passage to the limit is performed, is the work of M.A. Shishkova [1]-[3], student
of L.S. Pontryagin.

Consider the Cauchy problem

εX ′(t, ε) = A(t)X(t, ε) + F (t), t ∈ [t0, T ], (1)

X(t0, ε) = X0, (2)

where 0 < ε is a small parameter, A(t) is a second-order square matrix function
with elements ajk(t), F (t) = colon(f1(t), f2(t)), the elements ajk(t), fk(t) are analytical
functions in the region under consideration, X0 = colon(x0

1, x
0
2) is a constant vector.

Let the following conditions be met:
Cond 1. The matrix function A(t) has complex conjugate eigenvalues:
λ1(t) = α(t) + iβ(t), λ2(t) = α(t) − iβ(t) and α(t) < 0, for t0 ≤ t < 0;
α(t) > 0, for 0 < t ≤ T ; α(0) = 0 but β(0) 6= 0.
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From the theory of ordinary di�erential equations it follows that the Cauchy problem
is correct, i.e. a solution to the Cauchy problem exists, is unique and is stable even if
stability is lost [3,4,5,6].

Our task is to construct an asymptotic expansion of the solution to the Cauchy
problem (1)-(2) during loss of stability with any degree of accuracy in terms of the degree
of the small parameter ε.

As usual, we will seek for an external solution in the form, [4]-[5]:

U(t, ε) = U0(t) + εU1(t) + . . . + εnUn(t) + . . . (3)

Substituting relation (3) into equation (1) we have:

εU ′
0(t)+ ε2U ′

1(t)+ . . .+ εn+1U ′
n(t)+ . . . = A(t)(U0(t)+ εU1(t)+ . . .+ εnUn(t)+ . . .)+F (t)

equating the coe�cients at the same powers of the small parameter we obtain:

A(t)U0(t) + F (t) = 0 ⇒ U0(t) = −A−1(t)F (t),

U ′
n−1(t) = A(t)Un(t) ⇒ Un(t) = A−1(t)U ′

n−1(t), n ∈ N.

Thus, we have recurrently de�ned all terms of series (3):

U0(t) = −A−1(t)F (t), U1(t) = −A−1(t)U ′
0(t), . . . , Un(t) = −A−1(t)U ′

n−1(t), . . .

Note that if in the region under consideration, then series (3) will be a smooth external
asymptotic solution of the Cauchy problem in the region under consideration. And if at
some points of the region the matrix function A(t) becomes zero, then the external
solution will not be smooth and problem (1)-(2) becomes bisingular [4]-[5]. For example,

Cond 2. Let Re(u1(t
∗
1, t

∗
2)− u1(t0, 0)) = 0, where (t∗1, t

∗
2) is the only simple root of the

eigenvalue λ1(t) = α(t)+iβ(t) in the domain D, where D = {(t1, t2)|t = t1+it2, Re(uk(t)−
uk(t0)) ≤ 0, k = 1, 2}, i =

√−1, uk(t) =
∫

λk(t)dt, k = 1, 2.
When condition Cond 2 is satis�ed, series (3) in the region D, namely at points

t = t∗1 ± it∗2 has a singularity, since the eigenvalues of the matrix function A(t) at these
points vanish. Note that [t0, T ] ⊂ D, for t2 = 0 : [t0, T ] ≡ D.

For example, if the eigenvalues λ1(t), λ2(t) have simple zeros in the region under
consideration, then the growing singularity has the form :

Uk(t) = O
(
((t − t∗)(t + t∗))−1−2k

)
, k = 0, 1, 2, . . . , (λ1(t

∗) = 0, λ2(−t∗) = 0).

And if the eigenvalues λ1(t) and λ2(t) have n fold zero in the region under
consideration, then the growing singularity has the form:

Uk(t) = O
(
((t − t∗)(t + t∗))−n−(n+1)k

)
, k = 0, 1, 2, . . .

We will study the Cauchy problem (1)-(2) in domain D under conditions Cond 1 and
Cond 2. Let the inequality detB0(t) 6= 0 be satis�ed in domain D.
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In the domain Ω = {(x, t) : 0 < x < 1, 0 < t < T} , we consider the following equation
tγCDα

0tu (x, t) +
[
xβuxx (x, t)

]
xx

= f (x) , (1)

where CDα
0t is Caputo fractional di�erential operator α order [1]

CDα
0tg (t) =

1

Γ (1 − α)

t∫

0

g′ (z) dz

(t − z)α , 0 < α < 1, t > 0,

α, β, T are given real numbers, such that 0 < α < 1, 0 < β < 1, T > 0; f (x) is an
unknown function on (0, 1).

We study the following inverse source problem for equation (1).
Problem I. Show the existence and uniqueness of a pair of functions {u(x, t), f(x)}

with the following properties: 1.) u(x, t) ∈ C(Ω), tγCDα
0tu(x, t),

[
xβuxx(x, t)

]
xx

∈
C(Ω), f(x) ∈ C(0, 1);

2.) They satisfy equation (1);
3.) Satis�es the following initial condition, the boundary condition and the over-

determination condition
u (x, 0) = ϕ (x) , x ∈ [0, 1] (2)

u (0, t) = 0, u (1, t) = 0,
∂u

∂x
(1, t) = 0, lim

x→0

(
xβ ∂2u

∂x2

)
= 0, 0 < t ≤ T, (3)

and the following over-determination condition
u(x, T ) = ψ(x), x ∈ [0, 1], (4)

where ϕ (x) is a given function continuous on [0, 1], such that ϕ (0) = 0, ϕ (1) = 0,
ϕ′ (1) = 0, lim

x→0

[
xβϕ′′ (x)

]
= 0, ψ(x) is a given function.

We will seek a solution of the homogeneous equation corresponding to equation (1),
satisfying the conditions (3) in the form u (x, t) = v (x) T (t). Then, with respect to the
function ν (x), we obtain the following spectral problem:

Lv ≡ [
xβv′′ (x)

]′′
= λv (x) , x ∈ (0, 1) ; (5)


