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We find the function us(x,y) using the Fourier method (separation of variables).

A2+ (2mn)? w
m++(27m) yTH) cos(2mnz)

1-PBg

- 2
ua(2,y) = 3 Doy Koo (
n=1

the coefficients of which we select so that u(z,y) satisfies conditions (10)—(12).

Note that the local boundary value problem for equation (1) in the domain D was
studied in [3].
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On a singularly perturbed problem with unstable spectrum

Sadieva A.S.!, Tursunov D.A.2, Orozov M. O.
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One of the main results in the theory of singularly perturbed equations is the theorem
of A.N. Tikhonov on the passage to the limit. He formulated sufficient conditions under
which the solution to the perturbed problem and the solution to the unperturbed system
are asymptotically close. Further, these sufficient conditions came to be called stability
conditions. The first work, when the stability conditions are violated on a certain segment,
but the passage to the limit is performed, is the work of M.A. Shishkova [1]-[3], student
of L.S. Pontryagin.

Consider the Cauchy problem

eX'(t,e) = A X (t,€) + F(t), t € [to, T, (1)

X(tg,e) = XY, (2)

where 0 < € is a small parameter, A(t) is a second-order square matrix function
with elements a;i,(t), F(t) = colon(fi(t), f2(t)), the elements a;;(t), fx(t) are analytical
functions in the region under consideration, X° = colon(z?, z9) is a constant vector.

Let the following conditions be met:

Cond 1. The matrix function A(¢) has complex conjugate eigenvalues:

M(t) = at) +16(t), Ao(t) = at) —if(t) and a(t) < 0, for tn <t < 0;

a(t) >0, for 0 <t <T; a(0) =0 but 5(0) # 0.
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From the theory of ordinary differential equations it follows that the Cauchy problem
is correct, i.e. a solution to the Cauchy problem exists, is unique and is stable even if
stability is lost [3,4,5,6].

Our task is to construct an asymptotic expansion of the solution to the Cauchy
problem (1)-(2) during loss of stability with any degree of accuracy in terms of the degree
of the small parameter e.

As usual, we will seek for an external solution in the form, [4]-[5]:

U(t,e) =Up(t) +cUr(t) + ... +"Un(t) + ... (3)
Substituting relation (3) into equation (1) we have:
cUNt) + U () +...+e" U () +... = A)(Up(t) +eUr(t) + ... +"Un(t) +...) + F(t)
equating the coefficients at the same powers of the small parameter we obtain:
A)Uo(t) + F(t) =0 = Up(t) = —A' () F (1),
Up_1(t) = AQ)UL(t) = Un(t) = A7 (1)U, _4(t), n € N.

Thus, we have recurrently defined all terms of series (3):
UO(t) = _Ail(t)F(t)a Ul(t) = _Ail(t)U(;(t)a SRR Un<t) = _Ail(t)U;w—l(t)a cee

Note that if in the region under consideration, then series (3) will be a smooth external
asymptotic solution of the Cauchy problem in the region under consideration. And if at
some points of the region the matrix function A(t) becomes zero, then the external
solution will not be smooth and problem (1)-(2) becomes bisingular [4]-[5]. For example,

Cond 2. Let Re(uy (t7,t5) — uyi(to,0)) = 0, where (¢],t5) is the only simple root of the
eigenvalue A1 (t) = «a(t)+if(t) in the domain D, where D = {(t,t5)|t = t;+ita, Re(u(t)—
ug(to)) <0, k=1,2}, i =+/—1, wp(t) = [ A(t)dt, k=1,2.

When condition Cond 2 is satisfied, series (3) in the region D, namely at points
t =t £ ity has a singularity, since the eigenvalues of the matrix function A(t) at these
points vanish. Note that [to, 7] C D, for to = 0: [ty,T] = D.

For example, if the eigenvalues A;(t), A2(f) have simple zeros in the region under
consideration, then the growing singularity has the form :

Up(t) = O(((t (4 t*))*“%), k=0,1,2,..., (M) =0, Ao(—t*) = 0).

And if the eigenvalues A;(t) and Ay(t) have n fold zero in the region under
consideration, then the growing singularity has the form:

Ui(t) = O(((t )+ t*))—n—w“)’f), k=0,1,2,...

We will study the Cauchy problem (1)-(2) in domain D under conditions Cond 1 and
Cond 2. Let the inequality detBy(t) # 0 be satisfied in domain D.

References

1. Nikolsky M.S., Grigorenko N.L., Dmitriev V.I. Selected works of
L. S. Pontryagin. Moscow: MAX Press. - 2004. - 551 p.

2. Shishkova M.A. Ezamination of a system of differential equations with a small
parameter in the highest derivatives. Dokl. Akad. Nauk SSSR, (209)3, 576-579 (1973).



CospemerHte mpobieMsl uddepeHIMANbHEX VpPaBHEHUH M CMEXHHX DPaselosB. .. a7

3. Neishtadt A.lL., Treschev D.V. Dynamical phenomena connected with stability loss
of equilibria and periodic trajectories. Russian Math. Surveys, 76(5), 883-926 (2021).

4.  Tursunov D.A.  Asymptotics of the solution of the  Cauchy
problem in  the case of a change in the stability of a stationary
point n the plane of "Rapid motions". Vestnik Tomskogo
Gosudarstvennogo Universiteta, Matematika i Mekhanika 54, 46-57 (2018).

DOL: 10.17223,/19988621 /54 /4

5. Tursunov D. A., Sadieva A.S. Asymptotics of the solution of the Cauchy problem
with an unstable spectrum and prolonging loss of stability. Lobachevskii Journal of
Mathematics, 45(3), 1309-1317 (2024) UDK 517.95

Unique solvability of an inverse problem for a fourth order degenerate
partial differential equation

Sobirjonova M. Q.
Fergana State University, Fergana, Uzbekistan;
mohinurqahramonovnal@gmail.com

In the domain Q = {(z,t): 0 <z < 1,0 <t < T}, we consider the following equation
e Du (x,t) + [27uz, (2,1)],, = f (2), (1)

where ¢ Dg, is Caputo fractional differential operator a order [1]

1 g (z)dz
Dg,g(t) = O0<a<l, t>0
C Otg() F(l_a)/(t_z)on a ) )
0

a, B, T are given real numbers, such that 0 < a < 1,0 < < 1, T > 0; f(z) is an
unknown function on (0, 1).

We study the following inverse source problem for equation (1).

Problem I. Show the existence and uniqueness of a pair of functions {u(x,t), f(z)}
with the following properties: 1.) u(z,t) € C(Q), 'cDgu(x,t), [Pue(z,t)] €
(@), f(z) € C0,1);

2.) They satisfy equation (1);

3.) Satisfies the following initial condition, the boundary condition and the over-
determination condition

u(x,0)=¢(z), x€][0,1] (2)
0.0=0, ut)=0, 2an=0 1m (%) 20 o<t<T (3
u = u = — = im (2" — | =
Y Y ) ) 833 Y ) l’*)O ax2 Y e — )
and the following over-determination condition
u(z, T) = ¢(x), = €l0,1], (4)
where ¢ (z) is a given function continuous on [0, 1], such that ¢ (0) = 0, ¢ (1) = 0,
¢ (1) =0, lim0 [2°¢" ()] =0, ¢(z) is a given function.

We will seek a solution of the homogeneous equation corresponding to equation (1),
satisfying the conditions (3) in the form u (z,t) = v (z) T (). Then, with respect to the
function v (z), we obtain the following spectral problem:

Lv = [2%0" (ac)}” =XM(z), z€(0,1); (5)



