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Cgenenus 0 nmpemnojgaBaresiei

JlekTop-npenoaasareib:

ConyeB Anaxum:kan ConmyeBu4 — 1.¢.-M.H., ipodeccop kad. MHPOpMAIIMOHHBIX CHCTEM
u nporpammupoBanusg Uucturyra MOTulT Owl'Y,
o0umii ctax padotel — 49 net, 06pa3oBaHue — BhICIIEE, 3aKOHYHII
¢usnko-matemarnueckuii paxynprer OI'TIM B 1975 1.

Pabouee mecto: 723500. I'maBusiii kopryc Oml'Y, yin. AnbimMOex
Hatka, 331, xa0. 321.

MoOuneHbIH Tenedon: +996 553 50-00-54

E-mail: sopuev@mail.ru

KonrakTHasi uHpopmManus:

JlekuoHHBIE 3aHATUS TPOBOAUTCS B MyJlbTUMEIUIHOM JIEKIIMOHHOM
kiacce (aya. 328), mpakTHuecKue 3aHIATHs B KOMIIBIOTEPHBIX Kitaccax 302,
IJIe OCBAaUBAIOTCS HABBIKK PA0OTHI C Pa3IMYHBIMU TAKETaMU MPOTPaMM.
[exypcTBO npenogaBaresis NpoOBOAUTCS B ayaquTopun 328

o noueaenbaukam ¢ 16% 1o 18%.

1. Ileau u 3a7a4¥ AUCUUILJIMHBI

LlesisiMy TIpOTpaMMBbI SIBJIIETCSA TTOATOTOBKA CIIEIIHAIMCTOB, CTIOCOOHBIX pelaTh 3a7a4H CO-
BPEMEHHOW HayKHW W TEXHUKH, OMMHPASCh HA MEPEOBhIE JTOCTIKECHUS B 00JaCTH MaTeMaTuKH, Qu-
3UKH M YPAaBHEHUM C YaCTHBIMHU MPOU3BOAHBIMU BTOPOTO M TPETHErO MOPSAJIKA C ABYMS HE3aBUCHU-
MBIMHU TIEPEMEHHBIMH, HAX0XKJICHHE JIOCTATOYHBIX YCIOBUM, 00€CTIeUnBaIOIIME KOPPEKTHOCTh U3Y-
JaeMbIX 3a7a4.

JIOKTOpaHTHI MOTY4YaloT 3HAHUS W HaBBIKK B 00JacTH pa3pabOTKU W UCIOJIb30BAHUS MaTe-
MaTUYECKUX METOJOB W aJITOPUTMOB, PEAIM30BAaHHBIX B BHUAC HH(GOPMAIIMOHHBIX TEXHOJOTHM.
JIOKTOpaHTbl CMOTYT M3Yy4YaTb, MHTEPIPETUPOBATH U ONTUMHU3UPOBATH MATEMATHYECKUE MOJECIIU
JUISl PEIICHUS] HAyYHBIX W MHKEHEPHBIX 3a7a4, UCIOJb3ysd COBPEMEHHBIE METOJbl PEIICHUsI Kpae-
BBIX 33J1a4 YPaBHCHUN MaTEeMaTHUCCKON (PU3NKH.

3agaun IMCHUNIHHBI:

e 081A0CHUE HABBLIKO8 UCCIeO08AHUSL OOKA3AMENbCMBA CYUIeCmE08AHUSL PEULCHULl KPAeablX
3a0a4,

e 0cBOeHUe MemOo008 UCCACO08AHUSL €OUHCMBEHHOCMU PEeUleHUsl KPACBbIX 3a0aH,

e opmuposams ymenue npumeHsims 00KA3AMeNbCMEa HeNPepbleHOLL 3A8UCUMOCTIU PeUleH UL
Om HAYAIbHO-KPAEBbIX YCI08ULL 3A0a4U

BbIHyCKHI/IKI/I nporpamMmmbl MOT'YT pa60TaTL HAaYYHbBIMU CIICUAJIMCTAMHU B o0JracTu MaTeMa-
TUYCCKOTO MOJACIUPOBAHMA, aHAIUTUKAMHU W KOHCYJIbTAHTaMH I10 pa3pa60TKe U BHCAPCHUIO CO-
BPEMCHHBIX I/IH(I)OpMaI_[I/IOHHBIX TGXHOHOFHﬁ, a TAKXKC MPOBOAWUTH HAYUYHBIC HCCICAOBAHUA U I'OTO-
BUTBHCA K HpeHOHaBaTGHBCKOﬁ ACATCIIBHOCTU B By3aX.


mailto:sopuev@mail.ru

2. TexHoJIoTHYECKAs KAPTA

HToroBelil KOHTPOJIBL
1 moxyms (60 4., 30 6.) 2 moxyms (60 c., 30 6.) (MIK) (30 6.)
Ayn. 4 N o
3 = 2 = 2 w é 2
' 2 ! 2 o)
g - 252 | £ s 2 £ 3 B
° E | & 3 B = 2, 3 B e 2 5 £
5| 5| | B9y E|2sY E| €5 22598 | & SE Sz .
® | <| O] =|=58 0|22 | 5| 5&| O |22 |2 |§ |g|¢8 = 2 5B
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banet 30 30 | 30 | 3006. 30 30 30 | 306. 30 30 | 20 | 306 | 106
Moty u pes- TK=(JIex+IIp+ TK=(JIex+[Ip+ MK=(TexHTp+
TBI HTOTOBBIX TCP)3, CP)3, +CP)/3 100
A °0° j MI=(TK1+TK2+ M2=(TK3+TK4+ MM AT
KouTpoeH +AK1)/3 +UK2)/3 K

Ayn. — aymuropusi, TK — Ttekymmii koHTposb, M — momymu, CP — camocrositenbHas pabota
mucceptanTa, PK — pyoexxusiit koHTposb, UK — UTOroBbIii KOHTPOIb, 1 — moompuTenbHbIil 6at.

3. TeMaTnuecKHH IJIaH JICKIIMOHHOT'O 3aHATUSA

. K-Bo
Ne HaunmMeHnoBanue pa3ziesios, MOAYJIEH U TEM
4acoB
Moayas 1

Knaccudukanus ypaBHEHHH B YaCTHBIX MPOU3BOJAHBIX 2-TO TOPSAKA C JBYMS

1 | HezaBUCHMMBIMH NepeMeHHBIMU. [IpuBeieHNe K KAHOHNYECKOMY BUY YpaBHEHUN 2
B YACTHBIX IPOU3BOJHBIX 2-TO NOPSKA C IByMs] HE3aBUCHMBIMH NTEPEMEHHBIMU

2 VYpaBuenue konebanus cTtpyHbl. O6miee pemenue. Pemenne 3amada Komm. 2
IToHATHE O KOPPEKTHOCTH KPAEeBOM 3aJaUH.

3 Pemenne 3amaun ['ypca uig ypaBHEHHS THUNEPOONIMYECKOTO THIIA METOIOM 2
110CJIe10BATEIbHBIX IPUOIMKEHUI

4 VYpaBHeHue TeronpoBoaHOCTH. PyHIaMeHTalbHOE penleHue. Pemenue neppoii 2
KpaeBoi 3aa4u MeToAoM (QpyHKIH [ puHa

5 VYpaBHeHHE cMELIaHHOTO TUIA U UX Kiaccupukanus. 3agava Tpukomu ams 2
ypaBHEHMs CMEIIAHHOT0 Napaboio-runepooInyecKoro THIa

6 3amaun co CMEIEHHEM /ISl YpaBHEHHs CMEIIaHHOTO Mapabo1o- 2
runepOoIMIECKOro THIA

Monayas 2

7 3amaun ¢ HEJOKAJIbHBIMU YCJIOBUSMM JUIsl YpPaBHEHHsI CMELIAHHOTO MapaboJio- 2
runepOooJN4YEeCcKOro Tuna

8 Knaccugukanus ypaBHeHHUH B YaCTHBIX MPOU3BOJIHBIX 3-T0 MOPsAKA C ABYMS He- 2
3aBHCHMBIMU IIEPEMEHHBIMU

9 KpaeBble 3aaun 1151 ypaBHEHMH B YaCTHBIX IPOU3BOIHBIX 3-T'0 MOPsJIKA C 2
JBYMsI HE3aBUCUMBIMU IIEPEMEHHBIMU

10 3aza4yy co CMEILEHUEM I yPaBHEHMI 3-TO NOPSAJKA C IBYMsI HE3aBUCUMBIMU 2
IIEPEMEHHBIMU

11 3amaun ¢ HEJNOKAJIbHBIMU YCIOBHSIMH 3-TO TIOPSJIKa C ABYMS HE3aBHCHMBIMU 2
IIEPEMEHHBIMU

12 Knaccudukanus ypaBHeHuUI B 4aCTHBIX IPOU3BOIHBIX 4-TO MOPSIJIKA C ABYMS He- 2
3aBUCHMbBIMU IIEPEMEHHBIMU

Bcero: | 24 yaca




4, TemaTu4eckuii JIaH NPAKTHYECKUX 3aAHATHI

. K-Bo
Ne HaumeHnoBanue pa3zenos, Moyseil, TEMbI U y4eOHBIX BOIIPOCOB QACOB
Monayas 1
1 | IlpuBeneHune K KAHOHUYECKOMY BUJy YPaBHEHH rUNepOOIUUYECKOro TUTIA 2
2 | [IpuBeneHne K KAHOHMYECKOMY BUJY YpaBHEHMH apabOoIMYeCcKOro THIA 2
3 | IIpuBenenue K KAHOHMYECKOMY BHly YPaBHEHHH COCTaBHOI'O THIIA 2
4 | Pemenue 3agaun Ko 11 ypaBHEHHUsI KOJieOaHHs CTPYHBI 2
5 | Pemenue 3agaun ['ypca as ypaBHeHUs! KoJeOaHUs CTPYHBI 2
6 | Pemenue 3agaum [apOy nnst ypaBHEHUs KoJaeOaHUS CTPYHBI 2
7 | Jloka3aTenbCTBO KOPPEKTHOCTH Ha IpumMepe 3aaaun Ko 2
8 | Metox pa3aeneHus epeMeHHBIX JJIs1 ypaBHEHUS KoJIeOaHUsI CTPYHBI 2
9 | ®dyHgaMeHTaNbHOE PENIeHHE YPaBHEHHUS TETIONPOBOTHOCTH 2
Monyasb 2
10 | Pemenue 3agaun Kommu 11 ypaBHEHUS TEIIIONPOBOTHOCTH 2
11 | ®ynkums ['puna 1 ypaBHEHHS TEIJIONPOBOAHOCTH 2
12 [lpumenenne merona abC mpu moka3aTenbCTBO €AMHCTBEHHOCTH PELICHUS 2
KpaeBbIX 33a]1a4 JJIsl YpaBHEHUS TEIUIONPOBOTHOCTH
13 | 3agaua bunagze-Camapckoro Jiisl ypaBHEHHS TEIUIONPOBOIHOCTH 2
14 | Pemenue ypaBHEHHS TETUIOMPOBOIHOCTH C YIETOM CIICIIHAIIBHON YHEPTHH 2
15 | 3amaua TpuKOMU )1 CMEIIAHHOTO Mapab0I0-TUIEPOOTUIECKOTO YPABHEHUS 2
16 | Iloctpoenue ¢pynkuuu I'puna nepBoit kpaeBoi 3agaun g OAY 2
17 | Ceenenue 3agaun Tpukomu K perenuto MY @penroapma 2-ro posaa 2
18 | Pemenue Y ®penronpma 2-ro poga METOJIOM PE30JIbBEHTHI 2
Bcero: | 36 yacos

rUnepOooIMYEecKOro TUIa B TpeXMepHbIX obnactax: Juc. ...
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6. Kputepuu oneHuBaHusi

OrieHka 3HaHU# (aKaIeMUIECKON YCIIEBACMOCTH)
PhD noxtopanra

30 6amnbnas | 100 6amibnasn |[BYKBeHHast GPA | Tpaauumonnas cucrema
cucremMa cucremMa cucrema
26 — 30 87 -100 A 4,0 OTJINYHO
24 — 25 80 — 86 B 3,33
2223 7479 C 3.0 Xopomo
20-21 68 — 73 i | 2,33
5-19 16 E 20 Y10B1E€TBOPUTEIHLHO
9-17 31- 60 FX 0
08 0_ 30 = 0 HeynoBiersopurejbHO

/. Kputepuu oneHKH 3HAHUH

BricTaBieHne OLIEHOK Ha 3K3aMEHaX OCYLIECTBIIAETCS HAa OCHOBE MPUHIIMIIOB
OOBEKTUBHOCTH, CIPABEIJIUBOCTH, BCECTOPOHHETO aHAM3a KauyecTBa 3HAHUW Maru-
CTPAHTOB, U IPYTUX MOJOXKEHHM, CITIOCOOCTBYIOIINX MOBBIIIIEHUIO HAJICKHOCTH OIICH-
KH 3HaHUM 00y4aroluxcs U YCTPaAaHEHUIO CyObEKTUBHBIX (DAKTOPOB.

B cooTBercTBUM C NEUCTBYIONIMMH HOPMATUBHBIMU aKTaMU U PEKOMEH Al SI-
Mu MunuctepctBa oopa3oBanus 1 Hayku KP ycTtanaBiuBaroTCs Clieqyronmue Kpure-
pHUU BBICTABJICHMSI OLIEHOK Ha SK3aMEHaX:

- OlleHKa "om.uyHo" BHICTABIISETCS MaruCTPAHTY, KOTOPBIA OOHAPYX U HA JK-
3aMeHE BCECTOPOHHEE, CUCTEMAaTUYECKOE U IITy00KOe 3HaAHUE y4eOHO-TIPOrPaMMHOIO
MaTepuaia, yMeHHe CBOOOHO BBIOTHATH 3aaHus, IPETYCMOTPEHHBIE TPOrPaMMOi,
KOTOPBI YCBOWJI OCHOBHYIO JINTEPATYPY U O3HAKOMUJICS C JOMOJIHUTEIBLHON JIUTEpa-
TYpOW, PEKOMEHIOBAHHOM mporpammoil. Kak mpaswiio, oneHka "oTandHO" BBICTAB-
JISI€TCS. MAaruCTpaHTaM, YCBOUBIIIMM B3aHMMOCBSI3b OCHOBHBIX MOHSATHI JUCUUILIIMHBI U
WX 3HaYCHUM A1 IpruodpeTaemMoil mpodeccuu, MposIBUBLIMM TBOPUYECKHE CITIOCOOHO-
CTH B IOHMMAaHWH, U3JI0KEHUU U UCTIOIB30BaHUH YU4EOHO-IPOTPAMMHOTO MaTepHUaa;

- OIIEHKa "Xopouwio" BBICTABIISICTCS MAarUCTPaHTy, KOTOPBIM Ha dK3aMeHe OOHa-
PYXKWJ TOJIHOE 3HAHHME Y4YEOHO-NPOrPaMMHOIO MaTepuaia, YCIEUIHO BBIIOIHUII
MIPEAYCMOTPEHHBIE B MPOrpamMMe 3aJlaHusl, YCBOWJI OCHOBHYIO JIUTEPATYPY, PEKOMEH-
NOBaHHYI0 B mporpamme. Kak mnpaBuio, ouneHka "Xopouio" BBICTaBIISIETCS Marwu-
CTpaHTaM, MOKA3aBIIMM CHUCTEMATHYECKHUI XapakTep 3HAHUM MO AMCLUIUIMHE U CIO-



COOHBIM K MX CaMOCTOSATEIIbHOMY BBIIIOJIHEHUIO 1 OOHOBJICHUIO B XOJI€ JaibHeuIen
yaeOHOM paboThI U TPOPECCHOHATILHOMN AESITEIBHOCTH;

- OlIeHKa "yooenemeopumenbHo" BBICTABISCTCS MarucTpaHTy, OOHAPY KHUBIIIE-
My 3HaHHE OCHOBHOT'O yueOHOro Marepuaia B 00beme, HeOOXOAUMOM ISl TaJIbHEeH-
e yuyeObl ¥ IpeCTosIe paboThl Mo mpodeccuu, CIpaBiISIONIEMYCsS C BITIOTHE-
HUEM 3aJaHUH, IPETYCMOTPEHHBIX ITPOIPAMMON, KOTOPBIA 03HAKOMUJICS ¢ OCHOBHOMU
JIUTEPATypOr, PEKOMEHJIOBAaHHOW Mporpammon. Kak mpaBuio, oneHka '"yaoBieTBoO-
pUTENBHO" BBICTABIISIETCS MarCTpaHTaM, JTONYCTUBLIIMM NOTPEUIHOCTH B OTBETE Ha
HK3aMEHE U MPU BBHINOTHEHUH SK3aMEHALMOHHBIX 3aJaHUil, HO 00JaJaroIM HE00-
XOJIMMBIMH 3HAHUSIMU JIJIS1 UX YCTPAHEHUS MO PYKOBOJICTBOM MPENOIaBaATENS;

- olleHKa "HeyodosnemeopumenbHo" BBICTABISIETCS MaruCTPaHTy, OOHAPYKUB-
nieMy mnpoOenbl B 3HAHUSAX OCHOBHOTO Y4e€OHO-IPOrpaMMHOTO Marepualna, IOIly-
CTUBLIEMY MPUHIMIHAIbHBIE ONITUOKM B BBITIOJIHEHUU MPETYCMOTPEHHBIX MPOrpam-
MOM 3aJJaHWl, HE O3HAKOMUBILIEMYCSI C OCHOBHOM JINTEPATYPOU, MPEAyCMOTPEHHOM
OporpaMMoi, ¥ He OBJAJAEBIIEMY Oa30BbIMU 3HAHUSAMH, MPEAYCMOTPEHHBIMU I10
JTAHHOM NTUCIUIUIMHE W ONpeAeTIeHHBIMU COOTBETCTBYIOIIEH MTporpaMMoit kypca (rme-
pEYEHb OCHOBHBIX 3HAHWW M YMEHMI, KOTOPbIMHU JIOJKHBI OBJIAJI€Th MAarvuCTPaHTHI,
ABJISIETCS 0053aTENbHBIM AJIEMEHTOM paboueli MporpaMmbl Kypca).

OmleHka 3HaHUI (aKaJeMHUYECKOW YCIIEBAEMOCTH) MarkCTPaHTY OCYIIECTBIIS-
ercs o 100 6ambHOM cucTeme (1IKaie) CIeIyoIUM 00pa3oM:

30 6aanbnas | 100 6aaibnasn |[BYKBeHHast GPA | Tpammmmonmas cucrema
cucremMa cucrema cuctema
26 — 30 87 — 100 A 4,0 OTJINYHO
24 — 25 80 — 86 B 3,33
2223 74-79 C 3,0 Roportto
20-21 68 — 73 i | 2,33
1619 o167 - 20 Y10BJIETBOPUTEILHO
9-17 31- 60 FX 0
0_ 8 0 30 F 0 HeynoBiersopurejbHO

10



.HCKI[HI/I: «KpaeBLIe 3aa4uu 1JIdA ypaBHeHuﬁ B YaCTHBIX
IMPOU3BOAHBIX»

1. OcHOBHbIE IOHATHS TEOPUN YPABHEHNH B YACTHBIX MPOU3BOAHBIX

Onpenenenne 1. Vpasuenue, ceasvisaiowee neuzsecmuyio @yuxyuio Y(X),

HEe3aBUCUMYIO NePEMEHHYIO X U NPOU3BOOHbIE OM HEeU38eCMHOU (DYHKYUU, HA3bIBAEH-
Cs1 0ObLIKHOBEHHBIM OUpGepenyuanrbHbIM YPAGHeHUeM.
OO1uit BUJT 9TOTO YpaBHEHHS UMEET BUJI

F(x,y,y',...y")=0, (1)

rae F - 3amannas pyHKIMs.

Hawuspicimit nopsiioK IpOU3BOJHOM, BXOJSIIEH B YpaBHEHNE, HA3BIBAETCS 110-
psAKOM 3TOro ypaBHeHus. Hampumep, inHeiiHOe HEOJTHOPOIHOE OOBIKHOBEHHOE
muddepeHmanbHOe ypaBHEHHE IEPBOT0 MOPSAJIKA UMEET BUJL

y' +a(x)y = f(x), (2)
rae a(x), f(x) - 3amannbie GyHKINN.

Ecim f(x)=0, To ypaBHeHHe (2) Ha3bIBACTCS IMHESHHBIM OJTHOPOIHBIM
OOBIKHOBEHHBIM (P epeHITHATBHBIM YPaBHEHUEM ITIEPBOTO MOPSIKA K UIMEET BHU]I

y'+a(x)y=0. 3)

['maBHast 0COOEHHOCTH OOBIKHOBEHHOTO TU(PPEpEHITNATBHOTO YpaBHEHUS CO-
CTOWT B TOM, YTO UCKOMasi (DYHKIIHS 3aBHCHT JIUIITh OT OJHOI'O HE3aBUCHUMOTO TIe-

PEMEHHOrO X .

A ymo 6ydem, eciu uckomas QyHKYUs 3a8UCUM OM HECKONbKUX He3ABUCUMbBIX
nepemennvix? Ha smom eonpoc omeeuaem cieoyroujee onpeoeieHue.

Onpenenenue 2. Vpasnenue, ceésasvigaouee HeU3BECMHYIO  QYHKYUIO
u( X, ,X,,...,X_ ), Hezasucumvle nepemeruvie X ,X,,...,.X U 4acmuvle npou3soouvie om

Heuzeecmmoll d)yHKL{uu, Hasvleaemc: ypaBHEeHUeEM 6 YaCNIHbLX I’lpOMS’@O()Hle.
O6IJ.[PII>1 BHJI YPAaBHCHUS B YACTHBIX IIPOU3BOJIHBIX N T'O UMECT BU]]

ou ou ou o"u
u 1 l P | 1 k k k ) = 0 ) (4)
OX, O0X, OX, OX'0X,?...0X;"
rne F - 3apannas gyskuwms, npudem K, +K, +...+ K, =n.
Onpenenenune 3. Hausvicuiuil nopsook 4acmuou npou3eo0HOU, 6xoosuell 8

YypasHenue, Ha3vl8aemcs NopsIOKOM 3Mo20 YPAGHEHUSL.
Hanpumep, ypaBHeHne

F(Xy) Xg e Xy

Uy, tU,—U, =0

aBisgercs U@ depeHunanbHbIM ypaBHEHUEM 4-TO MOpsAKa C ABYMsI HE3aBUCUMBIMU
IIEPEMEHHBIMU.

OO6miee ypaBHEHHE C YACTHBIMHU IPOM3BOJHBIMU 1-TO mopsiika ¢ JAByMsl He3a-
BHUCHUMBIMH [TIEPEMEHHBIMU MOXET OBbITh 3aIICAHO B BUJIC
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ou ou
F(x,y,u—,—)=0 5
(y 0 5)) (5)

Hanpumep, ypaBHeHue
ou ou _

iy o 6
oX oY ©)

apisieTcss quddepeHIMaTbHbIM yPaBHEHUEM B YAaCTHBIX MPOM3BOJHBIX MEPBOrO IO-
psanKa.

OO6uiee ypaBHEHHE C YACTHBIMHU IPOM3BOJHBIMU 2-TO MOpsIKa ¢ JByMsl He3a-
BHUCUMBIMH [TEPEMEHHBIMU MOXKET OBITh 3alMCAaHO B BUJIE

ou ou o°u o°u o

F(X!ylul_l ’ 21 ’ 2 =
OX 0y OX° 0X0y 0y

0 (7)

nin B BUAC
F(X, ¥, U, Uy, Uy, Uy, Uy, Uy, )=0.

Oﬂpe)IeJIeHI/le 4, YpaeneHue C YacmHvimu I’lpOMSGO()HblMu HAa3vleaemics Kea3u-
JZUHeﬁHblM, eciu OHO TUHEUHO OMHOCUMENbHO 6CEX ee cmapuiux 4acmmibslx np0u360()—
HbIX.

Hanpumep, kBa3WwiInHEWHOE ypaBHEHHE BTOPOrO NOPSAKA C IBYMs HE3aBHCH-
MBbIMH IICPEMCHHBIMU UMCCT BHU

A(X,y,u,u,,u Ju, +B(X,y,u,u,u ju, +C(x,y,uu,u u, =

(8)
=F(x,y,u,u,u,)

HpOCTCfIIHPIM MNpCaACTaBUTCIIEM KBa3WJIMHEHHOI'O YpaBHCHHA BTOPOIr'o IopsAaaKa
C ABYMA HC3aBUCUMBIMU IICPEMCHHBIMU ABJIICTCA CIICAYIONMICC YPABHCHHC

u, —(1+xu,u, +uju, +yu; +uu, =0.

Omnpenenenue 5. YpasreHue 6 4acmHviX NPOU3BOOHLIX HA3LIBAECMICS JIUHELL-
HbIM, ecCjiu OHO JAUHEUHO OMHOCUMENIbHO HeU36eCmHOU c])yﬂm;uu u e6cex ee 4acmHhbslx
NPOU3BOOHDIX.

OOmwmii BUJI TMHEMHOIO HEOJHOPOJHOIO YPaBHEHUS B YACTHBIX MPOU3BOIHBIX
2-T0 TOpsJIKa C IByMs HE3aBUCUMbBIMU MTEPEMEHHBIMU X U Y HUMEET BUJ

ACX,y ), +2B(x,y)u, +C(x,y)u, +E(X,y)u, + )
+G(x,y)u, + H(X,y )u=F(x,y),
smecs A(X,Y),B(X,y),C(x,y),D(x,y),E(X,y),G(X,y) - ko3bbuiueHTsl ypaBHe-
uust, F(X,y) - mpaBast 4acTh ypaBHECHUS.
Ecmu F(x,y)=0, to ypaBuenwue (9) npumer Bu/
ACX,y U, +2B(x,y ), +C(x,y)u, + E(X,y)u, +G(x,y)u, + H(X,y)u=0 (10)
VYpasuenue (10) HazpIBaeTCS TUHEHHBIM OJHOPOIHBIM YPaBHEHHUEM B YACTHBIX
MIPOU3BOJHBIX BTOPOI'O MOPSIAKA C ABYMS HE3ABUCUMBIMU NMEPEMEHHBIMH.
YpaBHeHue
u,—u,=0 (11)
SBJISIETCS. TPOCTEUIIUM TPEACTABUTENIEM JIMHEHHOrO0 OJIHOPOJHOIO YpaBHEHUS B
YJaCTHBIX MPOU3BOAHBIX 2-TO MOPSAKA C IBYMsI HE3aBUCUMBIMH TIEPEMEHHBIMH.
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[Tycts B obnactu D Bce koapduumenTsl U npaBas yacTh ypaBHeHus (9) omnpe-
JICJICHBI.
Onpenenenne 6. [eiicmeumenvnas gyukyus U(X,Y), onpederennas 6 ooaa-

cmu D, Henpepvignas emecme co couMU YACMHBIMU NPOU3BOOHBIMU, BXOOAUWUMU 8
ypasHenue (9), u oopawarowas e2o 8 MmoicOecmeo, HA3blBAemC sl pe2yIsIPHbIM peule-
HUEM.

Hapsiny ¢ perynsipHbIMH pelieHusIMA B TEOPUH YPaBHEHHI B YaCTHBIX MPOU3-
BOJHBIX OTPEICICHHBIC 3HAUCHHS WMEIOT PEIICHUs, MEepPecTaronue B M30JIUPOBAH-
HBIX TOoukax. K HUM OTHOCSTCS TaK Ha3bIBaGMBIC deMeHmAapHble WU (DYHOAMEH-
ManvHole peeHusl.

Hanpumep, pynxuus @(X,y)=In(x* +y*) asuserca GpyHIaMeHTaIbHBIM pPe-
IIICHUEM YPaBHCHUS

u,+u, =0
TaK KaK OHa IepecTaeT ObITh peryssspHbiM B Touke O(00).

Bce BcTpewarommecs B MPWIOKECHHUSX YPaBHCHHS HMEIOT IEble CeMelCTBa
pemernii. OTHAKO CYIIECTBYIOT YpaBHEHUS, MHOXKECTBA PEIICHUN KOTOPHIX BEChMa
Y3KH M B HEKOTOPBIX CITy4asix Jia’ke HE CyIIEeCTBYET.

Hanpumep, MHOKECTBO NEMCTBUTEIBHBIX PELICHUN YPaBHEHUS

u: +u; =0
ucueprbiBaercs GyHkuerd U( X,y )=Const, a ypaBHeHHE
u; +u; +1=0
BOBCE HE UMEET JICUCTBUTEIBHBIX PEIICHUM.

Ecimu paccmorpum o0bikHOBeHHOE auddepeHImaibHoe ypaBHEHHE N-TO TO-
paaka (1), To ero oOimiee pelieHHE COMEPKHT N TPOU3BOIBHBIX MOCTOSHHBIX
F(x,y,C,,C,,....C )=0. Jlroboe yacTHOE pelICHUE MOTYy4aeTCs U3 HEro, eCiH mapa-

merpam C|,C,,...,C, npumats onpeneneHHbe 3HAUYCHHUSL.

Hexomopuvie ouggepenyuanvrvle ypasHenus 8 4acmHuulx npouU3O0OHbIX OONYC-
Kaem oOwee peuienue, cooeparcaujee nPou3BoibHble PYHKYUU, KOIUYECHBO KOMOPbIX
PABHO NOPAOKY YPAGHEHUS.

Hampumep, obiiee pemenre ypaBHeHus (6) uMeeT BUI

u(x,y)=p(x+y),
rae ¢ - npou3BosibHasA quddepeHnupyemast QyHKIIHA.
[lycTh nano ypaBHeHuUe

2
U _g (12)
oxoy
Haiinem ero oOmwmit uaterpan, T.e. pyHkuuo U( X,y ), yaosierBopsitoryto (12). s
u
ATOrO CHayaja 3aluileM 3TO ypaBHEHHE B BHJIEC: ax 2— =0. TTockonbKy Tpou3-
X\ oy

BOJ[HAsl MO MEPEMEHHON X OT BEJIMYUHBI, CTOSIIEH B CKOOKax, paBHa HYIIO, TO MO-
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. o . ou
CIICIHSIS IBJISICTCSI HEKOTOPOU MPOM3BONIbHOM QyHKIHeHr oT Y : — = f(y). [ToaTomy

u(x,y)=F(x)+ j f(y)dy. Ho unTerpan J' f(y)dy mpencraBisier co0oil HEKOTO-
pyto npousBonbHyt0 ¢yHKIHIO F,(Y) :I f(y)dy. Takum oOpa3om, moaydum odee

pelreHue BuaIa
u(x,y)=Fx)+F(y),
KOTOpasi 3aBUCHUT OT JIBYX IMPOU3BOJIBHBIX (DYHKIIHH.

Umoobwl evidenum u3 6cell COBOKYNHOCMU peuleHUll Kakoe-mubo 4acmuoe pe-
wieHue, Haoo 3a0amv OONONHUMENbHbIE YC08Us. Takumu OONOIHUMENbHBIMU YCO0-
BUSAMU SLGTSAIOMCSL SPAHUYHBIE U HAYATbHbIE YCTI0BUSL.

[Tpu MaTeMaTHIECKOM MOJICTUPOBAHUY PA3IIUNIHBIX (PH3UICCKUX, XHMHUCCKHUX,
OMOJIOTUYECKUX, TEXHUYECKUX U JPYTUX SBICHUH MPUPOJIBI Mony4aeM quddepeHIiu-
aJIbHBIC YPABHCHHMSI B YACTHBIX MPOM3BOIHBIX.

Ecnu ouggpepenyuanvuvie ypasHeHuss 8 4acmHuix NpOU3800HLIX ONUCHIBAIOM
Quzuueckue npoyeccel, Mo mu YPAGHEHUS HA3bIBAIOMCS YPAGHEHUIMU MAMEMAMU-
YyecKoul QuzuKu.

TUNUYIHBIMY TPUMEPAMHU TAKUX YPABHCHUU SBIISIFOTCS CIICIYIONIUE YPABHEHUS:

a’u, —u, =0,a=const - ypaBHeHUs KOneOaHNA CTPYHBI,

a’u, —u, =0,a=const - ypaBHEHUs TEIUIONPOBOIHOCTH,
u, +u, =0 - OIHCBIBAET CTALIMOHAPHBIE TIPOLIECCHI.

Takum 00pa3oM, MOXKHO JaTh CIEAYIOUIYI0 KBAIM(PUKALMOHHYIO CXEMY s
g depeHInanbHbIX YpaBHEHUI.

[ Kamudukanronnas cxema nuddepeHImanbHbIX ypaBHCHHM ]

[ Huddepenunanbabie ypaBHEHUS ]

v v

OO6bikHOBEHHBIE TUD(epeHIIn- Huddepenuuanbabie ypaBHEHUS
AJIbHBIC YPABHEHUS C YaCTHBIMU IIEPEMEHHBIMU
\ 4 \ 4
\ 4 \ 4 \ 4 \ 4
[ JIunelinbre ] [ Henuneiinbie ] [ JIunelinbre ] [ Henuneiinbie ]

v v A

[OIIHOPOIIHBIG J [HGOIIHOPOIIHBIG ] [ OnHOpoaHbIE } [HCOI[HOPOI[HBIe ]
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2. Knaccudukanusi ypapHeHH#i B YaCTHBIX MPOU3BOIHBIX 2-T0 MOPSIAKA C
JABYMSI He3aBHCUMBIMH IlepeMeHHbIMH

B obnactu D miockocTu (X,Y) paccMOTpUM JIMHEHHOE YpaBHEHUE B 4acT-
HBIX MPOM3BOIHBIX BTOPOI0O MOPSAKA OTHOCHTEIBHO CTAPIIUX MTPOU3BOIHBIX

A(X,y ), +2B(x,y)u,, +C(x,y)u, =F(x,y,u,u,u,) (1)

[TycTs B okpectHOCTH Toukd M(X,,Y, )€ D Bemonusrores ycnosus A#0 mmm
B=0.

C nmoMouipro 3aMeHbI IEPEMEHHBIX

¢=&(x.y)n=n(xy) )

ypaBHeHue (1) MoxkeM MpUBECTH K KaHOHHYECKoMY BUly. Ecnu sikoOuan mpeoOpa-
30Banus (2) otimuen ot Hyns: J =& n, — & n, #0. Torna cymectyer o6paTHoe

npeodpazosanne X =X(£,77), Y =Yy(&,n7). Umeem u(x,y)=u(x(&.n),y(&.7)) =

=9(<&,n). HaxonuMm 4acTHbIE TPOU3BOIHBIC

Uy = Séfx + 9,777)(, u, = 9§§y + ,9,777)(,

Uy = BesEx + 295, Exy + Gty + 9elny + Syl

Usy = e£6xSy + 282, (Suily +11xSy) + Epylixily + FeSxy + Fyliyys

Uyy = gy + 295, Ey11y + Sppily + I5Syy + Gy

Torna ypasuenue (1) npeoOpasyercs K BUAY

A(En, +2B,(&n)u,, +C. (&, =F($n,u,u,,u,) 3
rae

A(Em)=AS +2BSS, +CéT,

B,(&1)=Acm, +B(Sm, +1,8,)+Cen,,

C,(&m)=An, +2Bnn, +Cn,.

Ecnu 3ameny (2) Boibpath Tak, utodsl A =0,C, =0, To ypaBHenue (3) nmpumer
6onee mpoctoit BUI. C 3TOM 1eNbI0 pACCMOTPUM YpaBHEHUE

Az; +2Bz,z,+Cz; =0 (4)
Hmeer mecTo

Jlemma 1. Qynxyus 2 = @(X,Y) sersemces pewenuem ypasuenus (4) moeoa
u moabko mozoa, koeoa coomuoutenue @( X,y )=CoONnst npeocmasnsiem coboii 06-
wutl uHmezpan 0ObIKHOBEHH020 OuppepeHyuaIbHo20 YpasHeHUs
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A(dy)? —2Bdydx + C(dx)* =0 (5)

VYpaBuenue (5) Ha3pIBACTCS YpaBHEHHEM XapaKTEPUCTHK. AJredpandeckoe
ypaBHEHUE

AX —2BA+C =0, (6)
COOTBETCTBYMOIIIee ypaBHEHUIO (5) Ha3bIBACTCS XapaKTEPUCTUICCKUM YPaBHCHHEM.
Ecnu nuckpuMuHaHT ypaBHeHUs (6) 0003HAYUM yepe3
6=B*-AC, (7)

TO JMCKPUMHHAHT YPaBHEHHS, COOTBETCTBYIOIICE ypaBHEHHIO (3) 0003HAYUM TaK
4 =B2-AC,.

JlemMma 2. Umeer MECTO COOTHONIEHUE
0,=J ) (8)
rﬂe ‘] = éxny - nxgy '

Ecmu J #0, To 3aMeHa nepeMeHHBIX (2) HE SBISETCS BIPOKIAAOIUMCS U
THUIl YPAaBHEHMSI B pACCMATPUBAEMON 00JIACTH HE MEHSIETCH.

VYpaBuenue (5) pacniamaeTcs Ha IBa ypaBHCHHS

dy_B+vs )
dx A

ﬂ — B-vo Ve (10)
dx A

[To 3HaKy TUCKPUMHUHAHTA & MOXHO JaTh CIEAYIONIYIO KJIaCCU(PUKAIIHIO:

Ecnu 6 okpecmnocmu mouxu M (X, Yo)
1) 6 >0, mo ypasuenue (1) 6 mouxe M (Xy,Yq) Hasvieaemcs ypagnenuem
eunepboaUecKo2o mund,

2) 0 <0, mo ypasuenue (1) 6 mouxe M (Xy,Yqy) Hasvisaemcs ypagnenuem
LIUNMULECKO20 MUNA,

3) 0 =0, mo ypasuenue (1) 6 mouxe M (Xy,Yy) Hazvisaemcs ypasuenuem
napabonuuecko2o0 muna.

Ecnu 6o ecex mouxkax ooracmu D

1) 6 >0, mo ypasnenue (1) 6 oonacmu D nazvieaemcs ypasnenuem cunep-
bonuueckoeo muna,

2) 0 <0, mo ypasnenue (1) 6 oonacmu D nazvieaemcs ypasnenuem sniun-
muuecko2o mund,
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3) 0 =0, mo ypasnenue (1) 6 obnacmu D nazvisaemcs ypasnenuem napa-
bonuuecko2o muna,

4) Ecnu 6 obnacmu D 3uax ouckpumunanma & MeHsemcst, mo ypasHeHue
(1) 6 oonacmu D nazvigaemcs ypasHeHuem cmeuwaHno2o mund.

Ecmm y<0, To 6§ =-y>0. IlosTroMy B HWKHEH NOJYIUIOCKOCTH ypaBHEHUE
HNPUHALIEKUT TUIEPOOTNYECKOMY THITY.

Ecmm y>0, To 6 =-y<0. [looTomy B BepXHEWl MOIYIUIOCKOCTH YpaBHEHUE
MPUHAUICKUT IUTUNITUIECKOMY THITY.

Eciu y=0, To 6 =0. [ToaTOMy Bioib ocu adcuucc ypaBHEHUE PUHAIIICHKUT
mapaboIMIEeCKOMY THITY.

Takum oOpazom, B HekKoTOpo# obnact D mutockoctH, coneprkaieil 0Tpe3ok
ocu abcuuce, ypaBHEHHE SIBIIIETCS YPaBHEHUEM CMEIIaHHOTO THIIA.
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3. IlpuBenenne nauddepeHunaNbHbBIX YpPaBHEHHWH B  YaCTHBIX

NPOM3BOAHBIX 2-T0 TMOPSAKA ¢ [BYMSl He3aBHCMMbIMH IepeMEHHbIMH K
KAHOHHUYECKOMY BHIY

1. IpuBeneHNe K KAHOHUYECKOMY BHAY YPABHEHUH rHNep0oJM1ecKoro
Tuna. PaccMorpum ypaBHeHHe

A(X,y ), +2B(x,y)u,, +C(x,y)u, =F(x,y,u,u,u,) Q)

B obsact D mockoctu XOY. be3 orpannuenust oONTHOCTH OyJIeM CUUTATh, YTO
A#0. CocraBnsieM ypaBHCHHE XapaKTEPUCTHK

A(dy)? —2Bdydx+C(dx)*=0 (2)
H XapaKTCPUCTUICCKOC YPAaBHCHUC
Al —-2BA+C=0

ITycth Bo Bcex Toukax obmactu D guckpumumnant A= B?* — AC >0. Torma u3 (2)
uMeeM

Q_B+\/Z Q_B—x/z
dx A ' dx A

[IpaBbie yacTu ypaBHeHuit (3) AeHCTBUTENbHBI U pa3inuHbl. UHTerpupys (3) no-
JTy4uM OOIIIMe UHTETrPaIbl:

y—jB(X’y)+\/de=Cl,y+jB(X’y)_\/de=C2.
A(X,Y) ACX,Y)

Kpusble (4) onpenenstor ceMelncTBa IByX pa3InyHbIX JEHUCTBUTEIbHBIX XapaKTe-
puctuk. [Tomoxum

3)

(4)

B(X,y)++/4 B(x,y)—x/ZOIX
A(X,Y) Axy)

[Tycth sxoOuan npeoOpa3zoBaHus MepeMEHHBIX (5) OTINYEH OT HYJIS:
J=¢&n, —<&,n, #0. Torga cymectByer oO6paTHoe npeodpa3oBaHue

x=X(&.1),y=Yy(&m). Hosromy u(x,y)=u(x(&.17), y(&.17))=8(&.7). Haxo-

AWM YaCTHBIC IIPOU3BOJIHLIC

E=p(x,y)=y—| dx, 7=w(x,y)=y+] (5)

Uy =8 + My u, =8¢, +9mn,,

Uy = 9z2E5 + 285, Ex01 + St + Sy + %y,

U, = géfégxgy + ‘9&7( é:><77y + nxéy )+ L9777777><77y + "gﬁgxy + '97777xy '
2 2

Uy = GeeCy + 28, 6y11y + G0y + 6y + 80y

Torna ypaBuenue (1) npuBoAUTCS K BULY

AL mUgs + 2By (S +Co(S iUy, = Fi(Sim U, ug,uy) - (6)
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rac

A(&n)=AS2+2BE S, +CE&2,
B,(Sm)=Aln, +B(&n, +1n,&,)+CEn,,

C,(&.m) = Anyg +2Bnm, +Cny.
B cuny nemmsl 1, umeem, 4to
A(Em)=Ap; +2Bp,p, +Co; =0, C,(& )= Ay +2By,y, +Cy, =0.
Torga ypaBHeHue (6) mpumeT BUJ
2B,(&m)8, =F(&m,8,9.,9,)
Orcrona, 6ynem, UMeTh
Fl

9, =@,(E7,9,9.,9),® = 25

(7)

DTO0 KaHOHUYECKUH BUJ TUIEPOOTIUUECKOT0 YPABHEHHUSI.
Ecnu Bectu 3aMeny
c=a+fn=a-p,
TO ITOJIy4YUM BTOPOM KAHOHUYECKHUM BUJI YPABHEHHUS

u,—U, =90, & =40 (8)

Ilpumep 1. Haiinute KaHOHUYECKU BUJ YpABHEHUS
u, —u, —2yu, =0. 9)
Pewenue. lllaz 1. Onpedenenue muna ypasrerus. B nanHom ciydae
A=1B=-1/,C=0. [ucxpumunant A=B’ - AC=(-1/2)'-1-0=1/4>0.
CrnenoBarenbHO, ypaBHEHHUE MPUHAJICKUAT TUIIEPOOTMIESCKOMY THITY.

Llaz 2. Omvickanue xapakmepucmux ypasrerus. CocTaBisieM ypaBHEHHE
XapaKTEepUCTHK:

(dy)? +dydx=0.
3ammceiBast 910 ypaBHeHue B Buae (dx + dy)dy =0, monyuum: dy + dx=0,dy =0.

OO01ue uHTerpassl 3TUX ypaBHeHU umerot Bug X+ Yy =C, , y=C,. YpaBHenue
UMEET JBa CEMENUCTBA JIEUCTBUTEIBHBIX XapaKTEPUCTHUK.

Llaz 3. Iloobop 3amenvl nepemennvix. Bocronb3yroch ypaBHEHUSIMH XapakK-
TEPUCTHK, 3aMEHA MEPEMEHHBIX MMO10epeM TaKk

g=X+y,n=Yy. (10)
Tak xak &, =1,§, =1,7,=0,n, =1, 10 sKOOMan J =& n, —&n =1-1-1-0=1.
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OGpatHoe npeoOpazoBaHue UMeEET BUI X =& — 17, Y =177.

Lllaz 4. Boiuucnenue wacmuvix npouzsoonsix. Torma u(X,y)=u(&—-n,n)=.
=9(&,n ). Halinem 4yacTHbIE POU3BOIHBIC

u=98¢+9n=5%,u =95 +9n =9.+39,
uxx = l9§§§x2 + 21957;5)(”)( + I97777
uxy = lgffgxéy + 19577( gxny + nxgy )+ '9777777x77y + 'ggéxy + '9;777xy = 193,‘5 + 2'9577 !

Llae 5. I[Ipeobpazosanue ypasnenus. 1lofcTaBisisi 3HAYEHUST YaCTHBIX MPO-
W3BOJHBIX B YPABHECHHE, UMEEM

u, —u, —2yu, =%, -9, -28, -2n9,=-2(9., +1n9.)=0

77><2 + lgggxx + '97777xx :lgcf;f’

WU
4., +n8. =0
DTO M €CTh KAHOHUYECKUI BUJ] THIIEPOOINYECKOTO YPaBHEHUS.

2. llpuBeieHNe K KAHOHMYECKOMY BUAY YPaBHeHHil Napadoin4ecKoro

tuna. [Tycts A=B* — AC =0. Toraa yparenus (9) u (10) coBnaznaror: % = %
X

dy_+JAJC _+C

Tak xak B :\/K\/E, TO

™ A e TO €CTb
dy _ @ (11)
dx A

[Tycth 0Omuit mHTErpa 3TOro ypaBHeHus umeer Bua ¢(X,y) =C . Haligem
nudepenman 3toro coorHomenus: @, ( X,y )dx + @, (x,y )dy =0. Orcrona

LAy e (Xy) C__oxy)
Haiinem — =——-—=. Torna ¢ yuerom (11) Oynem umeer: =—1 :
dX €0y(x’y) \/K wy(x’y)
CnenoBarenbHO, 1151 @( X,Y ) IMEET MECTO COOTHOIICHUE
VAP, (x.y)+Cp,(xy)=0. (12)

[Tonmoxum B 3TOM city4yae
=o(x.y), n=n(xy) (13)
rae n=n(X,Yy) - mobas ¢pyHkuus, HezaBucumas oT @( X,y ). Toraa, Oyaem umeer

A(Em)=AE +2BEE, +CE = A& +2JAJCEE +CE =(JAE, +CE, ) =

=(\/K(0X( X,y)+ \/E(Dy( X,Y))? =0 B cuny coornomenus (12). Kpome Toro,
B1(§’77): Agxnx + B( ézxny + ﬂxgy )+ ngﬂy = Aéxnx + \/K\/E( éxﬂy + nxgy )+ Cé:yny =
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= A&, +VAVC(En, +1.8,)+CEn, =(NAY En, +VAVCEn, +VAVCH,E, +
+(NC Y& n, =VAE (VAR +~Cn ) +CE (VAR +Ch, ) =(VAZ, +/CE, ) %
x(~/An, +/Cn, )=0.
Takum obpazom, A=0,B =0. Toraa ypaBHenue (6) mpuMer BHT
C,(&mu,, =F(&n,u,u,,u,)

Otcrona OyzeM uMeTh KAaHOHUYECKHH BU YpaBHEHHUS MapabOIUIECKOTo TUIIA!

u, =@(&n,uu,.u, ), (ng.

Ilpumep 2. Halinure KaHOHUYECKUM BUJl YPAaBHEHUS

1

u, —4u, +4u —xu =0. (14)

Pewenue. lllaz 1. Onpeodenenue muna ypasnenusi. B nanHom ciydae
A=1,B=-2,C=4. Iuckpumunantr A=B? - AC=(-2)*-1-4=0. Cnenosa-
TEIbHO, YPaBHEHUE MPUHAIICKUT MapabOIMIECKOMY THUITY.

Llaz 2. Omvickanue xapaxkmepucmux ypaetenus. COCTaBIsIEM YpaBHEHUE
xapakrepuctuk: dy’ +4dydx + 4dx* =0. DTo ypaBHEHHE MOKHO 3aIACATH B BUJIE

(dy +2dx)* =0. Orcrona umeem 2dx + dy =0 . Marerpupys 310 ypaBHEHHE, UMe-

em 2X + Yy =C. Urak, ypaBHenue (14) umeer ouH ABYKPATHYIO JE€HCTBUTEIbHYIO
XapaKTEPUCTUKY.

Lllaz 3. I1oobop 3amenvt nepemennwvix. Ilonoxum & =2X+ Yy, n = X. Tak kak
& =2,¢6,=1n=1n,=0,10J=¢n, —-En,=2-0-1-1=-1, 10 ecTh sIKOOUAH
otnudeH oT Hynsa. Haiimem oOpaTHoe mpeobpazoBanue: X =17,y =<& —27.

Lllae 4. Bvruucnenue yacmmuwix npou3soousix. Imeem
u(x,y)=u(¢-2n,n)= =9(<&,n). Halinem yacTHbIE IPOU3BOAHBIC

u=9%<% +38n=2%+94,u, =95 +9n =4

u, =9.& +2% En +8 i +8.8, +8n, =48, +49. +8 ,

U, = lgéégxgy + lgén(éxny + 77x§y )+ ‘9m777x77y + ‘ge:gxy + ‘9n77xy = 2'9:.5 + ‘9577 ’
U, = 195555 + 2‘95n§y77y + ‘977/75 +8.8, +8n,="5..

Llae 5. I[Ipeobpazosanue ypasnenus. 13 ypaBuenus (14) umeem
u, —4u, +4u, —xu =49, +49. +3 -89.-49. +48.-n8.=8, -nd.=0.

Takum 00pa3oM, IPUXOIUM K CIICTYIOIIEMY KAHOHHYECKOMY BHy YPaBHECHUS T1a-
paboardecKkoro Buaa

8, -n9,=0
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3. [IpuBeneHne K KAHOHNYECKOMY BHY YPABHEHUH JITHNITHYECKOTO
tuna. I[Tycts A=B? — AC <0. Torza npassle yacti ypaBHeHuii (3) 6yayT KoM-
TUIEKCHBIMU. [Ipearnonoxum, 4To COOTHOIICHUE

p(x,y)=C

npeacTaBiIsieT co00M KOMIUIEKCHBIN MHTerpaj nepBoro ypasHuenus (3). Toraa o6-
IIUI UHTErpasl BTOPOro ypaBHeHUs (3) UMeeT BUJ

¢ (xy)=C,
rae ¢ (X,Yy) - conpsbkeHHas GpyHKIUS OTHOCUTENBRHO @(X,Y). Eciu monoxum
c=o(x.y)n=9(xy), (15)

TO ypaBHeHue (1) MPUBOAMTCS K TAKOMY K€ BUIY UTO U YPaBHEHUS TUIepOOIHYe-
ckoro tuna. OgHako K03 UIIMEHTH YpaBHEHHUS MTPU 3TOM OyIyT KOMIUJICKCHBIMHU.
UYtoOBl HE UMETH JeNia ¢ KOMIUIEKCHBIMU TTEPEMEHHBIMU, BBEJIEM HOBBIC ITEPEMEH-

Hble @ U [}, CIAeAyIOIUM 00pa3oM:

*

p+o Q-
o= , = - .
2 P 21

Torma o =a + 14, p*=a — 1. CiegoBareiabHo, 3aMeHa TiepeMeHHbIX (15) 3amm-

IIETCS B BUJIE
E=a+if,n=a—-ip.
B sTtom ciiydae Oyznem UMeETh
A(&Em)=AE +2BEE, +CE =(Aa; +2Ba,a, +Cay ) - (AB; +2BB, S, +Cp; ) +
+2i(Aa, B, +B(a, B, +a,B,)+Ca,pB,)=0.

1o o3navaer, uto A =C, , B, =0. Toraa pa3nenus Ha ko3 duruent npu U, mo-
JyYUM KaHOHUYECKUH BUJ SJUIUITUYECKOI'O YPAaBHEHUSI.

F
u, +u,=@(a,puu,u,)d=—

A

Ilpumep 3. Haiiiute KaHOHUYECKUI BUJ YpaBHEHUS
u, +2u, +su, —32u=0. (16)
Pewenue. lllaz 1. Onpeodenenue muna ypaenenus. B nanHom cirydae
A=1,B=1,C =5. Jluckpumunant A4=B* - AC=(1)’-1-5=-4<0. Cnenosa-
TEJNHHO, YPABHEHUE MPUHAJJICKUT SJUTUIITHIESCKOMY THUITY.

Illae 2. Omeickanue xapaxmepucmux ypasHenusi. COCTaBJIsieM YpaBHEHHIE
xapakrepuctuk: dy’ —2dydx + 5dx* =0. Dro ypaBHeHHe pacnajaercs Ha JBa

ypaBHEHUS
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ﬂ:1+2i,ﬂ:1—2i.
dx dx

OOG1ue uHTerpayibl UMEIOT BU/T
X—y+2xi=C,,x—y—-2xi=C,.

Lllaz 3. Iloobop 3amenvl nepemennvix. 3aMeHy IEPEMEHHBIX BBIOEPEM ClIe-
ayromuM oopazom: & =X—Y,n =2X. OueBuaHO, YTO

¢ =1¢,=-1n=2,n,=0.Torna J=&n, —&n =2-0+1-2=2. Urak, siKo-
Ouan oTimueH oT HyJs. Halimem oOpaTHoe mpeoOpa3oBanue: X =17,y =¢& —27.

Lllae 4. Bvruucnenue yacmuwix npou3soousix. Imeem
u(x,y)=u(n,&—-2n)= =9(<&,n). Halinem yacTHBIC IPOU3BOIHBIC

u =98¢ +9n=9%+29,u =9.5 +9n, =-9.,

u, =98 +2% En +8 i +8.8, +8n, =9, +49. +48 ,

Uy, = §§§x§y + Igéfz(gxny + nxgy )+ '9,7,777x77y + ’gﬁgxy + '9r777xy = _'9§§ - 2'9517’
U, = r:égyz + 2'9§n§y77y + ‘grmnyz + 'gfé:yy + ‘97777yy = ‘955'

Llae 5. [Ipeobpazosanue ypasnenus. V13 ypaBaenus (16) umeeM
u,+2u, +5u —-32u=49., +49% +48 -29.-48, +59. -329=

=4( 1955 + 19,7,7 )—329=0. Orcrona noxy4nM KaHOHUYCCKUI BUJT SJUTAIITHIECKOTO
ypaBHenus: 4, +9, —89=0.
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4. 3agauyu, NPpUBOASIINE K YPABHEHUSIM Iunepoondeckoro tuna. Tumbl
KpaeBbIx ycjaoBuil. [locranoBka kpaeBbIX 32124

4.1. YpaBHeHHe MAJIbIX ONIEPEYHbIX KOJIeOaAHUI CTPYHBI

B maremaTuueckoil Gusnke moja CTpyHOH MOHUMAIOT TMOKYIO, YIIPYTYHO HUTb.
[IpumemM crienyromuye T0nyuieHus:

1). HarsikeHusi, BO3HUKAIOIIME B CTPYHE B JII0O00H MOMEHT BpPEMEHHU, HAIpaB-
JICHBI TI0 KacaTeIbHOU K €€ MpOodUITIO.

2). Ilyctp cTpyHa nnuHbl ¢ B Ha4aJdbHBIM MOMEHT HalpaBlIeHA MO OTPE3KY OCH
or 0 mo /.

3). Ilpenmonoxum, 4TO KOHIIBI CTPYHBI KECTKO 3aKperuieHbl B Toukax X =0 u
X=1/.

Ecnu cTpyHY OTKIIOHHUTH OT €€ MEPBOHAYAIBHOIO MOJIOKEHUS, a IIOTOM IIPENO-
CTaBUTh CaMOl cebe WM, HEe OTKJIOHSS MOJIOKEHHUE, MPUIaTh B HaYaIbHBIII MOMEHT
€€ TOYKaM HEKOTOPYIO0 CKOPOCTh, I OTKJIOHUTh CTPYHY M MPUAATH €€ TOYKAM HEKO-
TOPYIO CKOPOCTh, TO TOYKH CTPYHBI OyIyT COBEpIIATh JBWKCHUS — TOBOPST, YTO
CTpyHa Ha4yHeT KoyieOaThcs. 3ajayda 3aKioyaeTcs B onpeeneHuu GopMbl CTPYHBI B
m000M MOMEHT BPEMEHH U ONPEICIICHUHN 3aKOHA JIBMYKEHUS KaXKI0M TOUKU CTPYHBI B
3aBUCUMOCTH OT BPEMEHH.

bynem paccmaTpuBaTh Majble OTKJIIOHEHHUS TOYEK CTPYHBI OT HAa4aJIbHOIO IO-
JOKEHUs. B crily 3TOro MOXKHO MPEANnosaararb, YTo ABHXKEHUE TOUEK CTPYHBI MPOUC-
XOJIUT mepneHAuKyasapHo ocu OX U B oHOM TuiockocTH. [Ipu 3TOM mpeanoaoxeHun
npoiiecc KoneOaHust CTPYHbI OMUCHIBaeTCs ofaHOM (yHKIuei U( X,t), kotopas maer

BEJIMYHMHY MEepEMEIICHUS TOYEK CTPYHBI ¢ a0CIIMCCOM X B MOMEHT 1.
Tak kak Mbl paccMartpu-
BAEM MaJlble OTKJIOHEHUS

CTPYHBI B TUIOCKOCTH ( X,U ), TO
OyaeM IpeaIoNaraTh, 4Yro /
’ B o+Ap

Au

JUIMHA 3JIEMEHTa CTPYHBI A

U AB paBHsieTcs ee npoeKuuu

Ha och OX, T.€. o~

U AB =X, — X,. Taxxe Oynem R
Ipeanoarath, YTo HaTsHKEHUE 0 X  x+dx !

BO BCCX TOYKaX CTPYHBI O/~

HaKOBOE, 0003HAYMM €ro 4yepe3 1 . Puc. 1.

Paccmorpum snement ctpynsl AB. Ha snement crpynsl AB Moryt aeiictBo-
BaTh CJIEAYIOLIUE CUIIBI.
1. Cuna namsaxncenun. Ha KoHIIaX 3TOro 3J1€MEHTA, N0 KacaTeabHbIM K CTPYHE,

aeiicTByeT cuia HaTsbkeHus | . IlycTh kacatenpHbie 00pa3ytoT ¢ ocbio O X yrisl ¢ u
@+ Ap. Torma npoeknus Ha ock OU cwi, AeicTByromux Ha snemeHT AB Oymer

paBHa T Sin(¢+A4p)—Tsing. Tak kak yroa ¢ Maj, TO MOXHO IOJOXHTh
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Sing ~tgy, u MbI OyJIeM UMEThH
Fow =1SIN(p+Ap)—-Tsinp=Ttg(p+ Ap)-Ttgep =

jaoye

2 2
T &KX+AKU_8NXI):T6LKX+&Mt) TaLKxUAK 0<o<l
O X X X’ X’
2. Buewnaa cuna F,, =F(xt)Ax. 3gecs F(X,t) o3nHagaer IUIOTHOCTH

BHeIIHeW cuibl. BaemHss cuna F(X,t), mpunoxkeHHas K cTpyHe, MOXKET MTPOU3BOIIh-

HbIM 00pa3oM 3aBuceTh OT X u t. Hanmpumep, 3T0 MOKeT ObITh TPaBUTALIMOHHAS CH-
na F, -mg.

aaaa

3. Cuna conpomuenenusa F_. =—pf g—l:AX. Ecnu cTpyHna xonebuercs B cpefe,

g~

TO BO3HHUKACT CHUJIa COTIPOTUBJICHU, KOTOpasA NPOIOPIIMOHAIbHA CKOPOCTH U, .

4. Bo3zspawarowan cuna Falgaé =

JIO)KHO CMCHICHWIO CTPYHBI. Ecau CMCHICHHUC ITOJOKUTCIIbHO, TO CHUJIa OTpULATCIIbHA.
Torma pe3ynbTUpYIOIIAs CUJIA UMEET BU/L
692

—yUAX. DTa cuja HampaBjeHa MPOTHUBOMO-

F=F,r tFa T FeutF

jaoyee aide adaa fifio

5. Cuna unepyuu. Ilyctb p— nuHENHas IUJIOTHOCTH CTPyHBI. Torma macca
2
u

AJIEeMEHTa CTPYHBI OyAeT M= p AX. YCKOpeHue IeMeHTa paBHO a = ey
[To BTOpOMY 3akOoHY HbrOTOHA
F=ma,
rae F - cuna, nelicTByromas Ha Telio, M - Macca Tea, a - YCKOpEeHHe Tena.
CnenoBareibHO, MO BTopOMy 3akoHy HeroToHa Oy/em umeTh

82 62

Cokpamiass Ha AX U oOo3Hauas aZ:I,b:—é, C:—Z, f(X,t)le(X,t),
0

P P P
nonyqaeM ypaBHeHI/IG I[BI/I)KGHI/IH KOJI€6aTCJIBHOF0 HpOHCCC&
o°u 82
’ : (1)
O X?

OTO M €CTh XOpOIIO U3BECTHOE meiezpaguoe ypasuenue. Eciu OTCYyTCTBYIOT
CWJIa CONPOTHUBIIEHUSI U BO3Bpallaroas cuia, To u3 ypaBHeHus (1) nomydaem ypas-
HeHUe GbIHYHCOCHHBIX KOJ1eOaHUl cmpyubt'

Ut (x t)— @)

Ecnu oTcyTcTBYeT ele ¥ BHEUIHSSI CUIIa, TO TIOyYUM ypaBHEHUE C800OO0HbIX
K01e0aHuil CmpyHbL.

azyu_am
ox® ot?

©)

25



4.2. Tunbl KpaeBbIX YCJIOBHIA.

JU1sl OJHOrO OINpPEAENICHHs IBXKEHUSI CTPYHBI OJHOTO YpaBHEHMsI HEIOCTa-
touHo. Mckomast Gpynkmus U(X,t) B oomactn D={(x,y):0<x</,0<t<h} momx-
Ha YIOBIIETBOPSThH €II€ T'PAaHUYHBIM YCJIOBHUSM, YKA3bIBAIOLIKMM, YTO JEJIA€TCS Ha
KOHIIaX CTpyHBI (X =0 u X=/), 1 HAYaJIbHBIM YCJIOBUSM, ONMUCHIBAIOIIINM COCTOSIHUE
CTPYHBI B Ha4abHbIH MOMeHT (1 =0).

3anuuieM KpaeBble YCJIOBHUS, C YYETOM KOTOPBIX CIIEAYET HHTETPUPOBATH
ypaBuenue (1). IlycTts, Hampumep, KOoHIIBI CTpyHBI pu X =0 1 X =/ HEMOABMKHBI,
T€ €CThb KECTKO 3aKperuieH. Toraa npu ar0060M t TOMKHBI BBIMOIHIATHCS PaBEHCTBA!

u(0,t)=0,u(/,t)=0,0<t<h, 4)
Ecnu KOHIBI CTPYHBI U3MEHSIETCS MO 33JaHHOMY PEXKUMY (epanuunsvle ycio-
eus 1-20 pooa), rpaHUYHBIE YCIOBUSI 3aMUILIETCS B BUJIE:
u(o,t)=e¢,(t), u(/t)=p,(t),0<t<h. (5)
OTH paBEHCTBA SBJISAIOTCS TPAHUYHBIMU YCIOBUSIMU HalIEH 3a/1auH.
Ecnu KoHI1IBI CTpYHBI CBOOO/HBI, TO TPAHUYHBIE YCIOBUS UMEIOT BUJL
u(0,t)=0,u (¢t)=0,0<t<h, (6)

Ecnu Ha KOHIIaX CTPYHBI 3aJaHbl CUJIbI (ZPAHUYHbBIE YCA0GUA 2-20 P0OOA), TO
IPaHUYHBIEC YCIOBHS UMEIOT BH/T

U, (0,1) = (1), u,(£,t)=g,(1),0<t<h. (7)
ITpu ynpyrom 3akperuieHuu (cpanuunsle yciosusn 3-20 pooa), IMEEM
u (0,t)—hu(0,t)=¢,(t),u (/t)+hu(0t)=¢,(t),0<t<h. (8)
B navanbnbiii MomeHnT t =0 cTpyHa umeer Gpopmy, KOTOPYIO MBI €l IpUAaIIH.
[Tycth 3Ta hopma onmckiBaercst pyHkuued 7( X)

u(x0)=r7z(x). 9)
B HauanpHBIM MOMEHT JOJKHA OBITH 3aJlaHa CKOPOCTh B KaXJIOW TOUYKE CTPY-
HBI, KOTOpas onpenensercs pyHkuueit v( X)

u,(x0)=v(x). (10)
VYenosus (9) u (10) sBASIOTCS HAYATBHBIMU YCIOBUSIMH.
4.3. IlocTaHOBKA KpaeBbIX 3a/1a4.

C y4eToM IpaHUYHBIX U HAYAJIbHBIX YCIOBHHA CHOPMYITHpPYEM KpaeBbIe 3aaun
JUI ypaBHEHUs Konebanus ctpyHbl B oomactn D ={(X,y):0<x</¢,0<t<h}.

IlepBast kpaeBas 3agava. Haumu 6 oonacmu D peeynapnoe pewenue ypas-
Henus (1), yoosnemeopsiowee epanuyHbim YCio08UIM

u(0,t)=g,(t),u(/t)=¢,(t),0<t<h (11)
U HA4YAaja1bHbIM YCIOBUAM

u(x0)=rz(x),u(x0)=v(x), 0<x</, (12)
npudem 6blnoJIHAIOMCA YCl06UA COCNIACOBARUA

7(0)=,(0), 7(£)=9,(0),v(0) = ¢;(0),v(£) = ,(0). (13)
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Bropas kpaeBas 3axaua. Haiimu 6 oonacmu D pecynaproe pewenue ypas-
Henus (1), yoosnemeopsiowiee epanuynbim YCio08UIM

u(0,t)=e(t),u(lt)=¢,(t),0<t<h (14)
U HA4aibHbIM YCIOBUAM

u(x0)=7(x),u,(x0)=v(x), 0<x<7, (15)
npUYeM 6blNOJIHAIONICA YCIIOBUA COCNACOBAHUA

7'(0)=¢,(0), 7'(£) = ,(0). (16)

Tperbs kpaeBas 3anaua. Hatimu 6 obnacmu D pezynspunoe pewenue ypas-
Henus (1), yoosnemesopsiowiee epanuyHbvim )YCai08UIM

u,(0,£)+7u(0,y)=o.(t),u,(L,t)+y,ully)=p,(t),0<t<h 17)
U HA4aitbHBIM YCI1OBUAM
u(x0)=7(x),u,(x0)=v(x), 0<x</, (18)

npuyem 6blNOAHAIOMCSA YCA0BUA COSNACOBAHUSA
7(0)+7,7(0)= ¢, (0), '(£) +7,7(£) = ¢,(0). (19)

Eciu ctpyHna OeckoHe4Ha, TO TpaHUYHBIN PEKUM HE BIUSET Ha KojieOaTelb-
HBIN TIPOIIECC, M MBI TIPUXOJAUM K CIEAYIOIICH HaYaaIbHOM 3a/1a4e.

3amaua Kowm. Hatimu 6 o6nacmu R? pezynaprnoe pewenue ypasnenus (1),
yooeriemeopstouiee PaHUYHbIM YCA08USM

HA4YAalbHbIM YCI0BUAM
u(x0)=17(x),u(x0)=v(x), —o<X<o0. (20)

4.4. InddepeHnuaibHbie yPABHEHUS JIEKTPUYECKUX KOJIeOaHUIT

[Ipu npoxoxkaeHuu 1o MPOBOY JIEKTPUUECKOT0 TOKA BOKPYT HEro oopasyer-
Csl BJIEKTPOMArHUTHOE T0JI€, KOTOPOE BHI3HIBAET U3BMEHEHHUS, KAK CHJIbl TOKA, TaK U
BEJTUYMHBI HATIPSIKEHUS.

N3 3akonoB Kupxroda nonydyum clieayronyro CUICTEMY JBYX YpaBHEHUN C
YaCTHBIMU ITPOU3BOIHBIMHU IIEPBOTO MOPSIAKA:

{ix +CY +G4=0,

: : (21)
& + LI, +Ri=0,

rjie X KoopJuHaTa BIOJb MMpoBoja, t Bpems, i( X,t) pacnpenernenne Toka BI0Jb
npoBoja, J( X,t) pacnpenenenue moTeHIMaia BA0JIb mpoBojaa, C eMKOCTh ITPOBO-
na, G yredka Toka, R comporuBnenue mpoBoja, L MHIYKTHBHOCTH IPOBOJA.

Ecnu nponuddepeniupyem neppoe ypaBHEeHHE IO X, @ BTOPOE YpaBHEHUE 110
t ¥ 3aTeM U3 HAWJICHHBIX YPAaBHEHUN UCKIIFOYMM MPOU3BOIHYIO & , TO MOIYIUM

Xt 2
CIICYIONIEE YPAaBHEHHE OTHOCUTEIBHO | :
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i_=CLi_+(CR+GL)i, +GRi (22)

DTO ypaBHEHHUE JUIS TOKA, H3BECTHOE 110J] HA3BaHKUEM TellerpaHOro YpaBHECHHUS,
SBJISIETCS TUTIEPOOIUYECKUM ypaBHEHUEM BTOpoOro mopsiika, eciim C =0, L#0.

HampspxkeHnne onuceIBaeTCst TOYHO TAKUM K€ ypaBHEHUEM:
3 =CLY, +(CR+GL)3% +GRS. (23)
Ecmu G =R =0, Tto ypaBuenus (12)-(13) ympomatorcs:
ali, =i, a*3 =9,a°=1/CL.

tt?
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5. IloHAiTHS KOPpPEeKTHBIX KpaeBbIX 3a1a4. 3agaya Komu. ®opmyaa Jla-
Jamobepa.

5.1. IloHATHS KOPPEKTHBIX KPaeBbIX 3a/1a4

KpaeBas 3amaua, chopmynupoBaHHas Kak MaTeMaTU4yecKasi MOJENb, TPaBUIIb-
HO OTpaKaeT CYIIHOCTh (PU3UYECKOM 3a/1a4M, €CITM OHA KOPPEKTHO MOCTaBJICHA.

Kpaesas 3aoaua naszvieaemcs koppekmuo nocmaenenHou, eciu 8blnoIHAIOMCS
ceoyowue yCiosus:

1). Pewenue 3a0auu cywecmeyem 6 nekomopom xiacce M, (vcrnosus cywe-
CMBOBAHUS PeULeHUs);

2). Pewenue 3a0auu eduncmeenno ¢ nekomopom xkinacce M, (ycrosus eoun-

CMBEHHOCU PeUleHUs);

3). Pewenue 3a0auu Henpepvi6HO 3a8UcUm Om OAHHbIX 3A0ayU, Mo ecmb, Mad-
JIIM  UBSMEHEHUSAM OAHHBIX COOMBEmMCmeyem Manvle uzmenenus peutenus: (Yciosus
YCMOUYUBOCU PeUleHUs).

3anauu, yIOBIETBOPSIONINE BBIIICTIEPEYUCICHHBIM TPEOOBAHUSIM, HA3BIBAIOTCS

KOpPEKmHO noCmaesieHHsiMu no Adamapy, a Muoxxectso M =M; "M, # J Ha3bI-

BAETCsI KJIACCOM KOPPEKTHOCTH 3aJ[a4H.
Ecii He BBIOJHSIOTCS, XOTsA ObI OAHO U3 yciaoBuid 1) - 3), To 3a1aya sBisercs
HEeKOPPEeKMHO NOCMAB/IEHHOUL.

5.2. 3agaua Ko 1151 ypaBHeHuUs1 KojiedaHusi cTpyHbl. @opmyina Jlamam-
Oepa.

) 2 .
B BepxHeit momyrmiockoctit RC ={(X,t):—o0<X<00,0<t <00} paccMmoTpum
ypaBHEHUE KOJIeOaHUs CTPYHbI

a’u, —u, =0 (5.1)

) 2
3agaya Komu. TpeGyercs HaliTu B obnactu R’ pemenue ypasHenus (5.1),
yJIOBJICTBOPSIIOIIEE HAYaTIbHBIM YCIOBUSAM

u(x0)=7(x), u(x0)=v(x),—wo<x<o0. (5.2)
JloxaxkeMm, 4rto 3amada Komn siBiasieTcss KOppEKTHO MOCTABIEHHOM.

1. Cywecmeosanue pewenus. B nannom ciydae A=a’,B=0,C=-1, o
A=B*-AC=0°-a’-(-1)=a’>0. Cnenosarensno, ypasuenue (5.1) ssnsercs
ypaBHEHHEM THUIEPOOTUUECKOro TUIIA.

3anuuieM ypaBHEHHE XapakTepucTuk ypasaenus (5.1): a’(dt)* —(dx)* =0.
DT0 ypaBHeHHE MOXHO 3amucath B Bujae (adt+dx)(adt+dx)=0. Orcrona nmeem
dx +adt =0, dx —adt =0. MerogoM UHTErpUPOBAHUS HAHJIEM CEMECTBA XapaK-
TEpUCTUK: X + at =const, X —at =const.

BBeneMm 3ameHy nepemMeHHBIX
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E=x+at,p=x-at. (5.3)

Tak xak &, =1, & =a, n, =1, 17, =—a, T0 ssKOOMaAH OTJIIMYEH OT HYJIA:

J= xSt :‘ 2 _a—a=-2a#0.
My T 1 -a
CrnenoBaTtenbHO, CYIIECTBYET 00paTHOE MpeoOpa3oBaHue: X = il e 52_ n
a
Torma u(X,y) = u(% , 52;77} =9(&,n) . BelunuciuMm 4acTHbIC MPOU3BOTHBIC:
a

Uy =8+ I =8 +8,, Uy =3:5 +9,m =
= ngza + 1977 (—a) = 3.(195 - 1977), uXX = lgét:érfx + 194:7777)( + 1977§§X + 19777777)( =

2
= 19§§ + 219577 + 197777 . Utt = a(lgé:é:é:t + 19577774[ - Lgé:né:t + "97]77771: =a (194:5 + 197777) . HOI[‘
CTaBJISISI 3HAUCHUS TIPOU3BOAHBIX B (5.1) MOMyYrM KaHOHMYECKUN BUJ YPaBHEHHUS:
VYpauenue (5.4) sBisieTcss BTOPbIM KaHOHUYECKUM BUIOM YPaBHEHUS THUIIEPO OJTH-
yeckoro tuna. Eciu unrerpupyem ypasrenue (5.4) no 77, To umeem §; = F(&).
Hanee, uaterpupys o &, noayuum H &,n )= I F(£)dE + F,(n). Beenem o60-
3HaueHune F (&)= I F"(£)dé. Torna 6ynem umers 9(E,n)=F(E)+ Fy(77). Ec-

JIM TIEPEHTH K CTaphIM MepeMEHHBIM 110 hopmyite (5.3), To morydanm odiiee pere-
Hue ypaBHeHus (5.1):

u(x,t)=F/(x+at)+ F(x—at) (5.5)
rae Fy, F, - npousBonbHbIE BAXIbI HETIPEPHIBHO TUdepeHIpyeMble GyHKIIUH.

Bocnone3ysics HavanbHbIMK yeaoBusMu (5.2), HaiiieM IpoM3BOIbHBIE
¢ynkuu Fy, F,. Tak kak u,(x,t)=aF/(x+at)—aF,(x—at), To u3 (5.2) oynem
UMETh

u(x0)=F(x)+F(x)=7(x), (5.6)
u.(x0)=aF(x)-aF,(x)=v(x). (5.7)
WuTerpupys ypasuenue (5.7), moxydum

Fl(x)—F2(X):§IV(t)dt+ Fi( X )+aF(%p ). (5.8)

0

N3 (5.6) u (5.8) onpenenum

Fl(x):%r(x)Jrz—laIv(t)dt+%F1(x0)+%F2(xo),
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()= 7(X) = - D8t = Fil%0) - S Fa(%)

Xo

[Toncranss atu 3HaueHus B (5.5), umeem

l X+at l
u(x,t)=F(x+at)+ Fz(x—at):gr(x+at)+2— jv(t)dt+EF1(x0 )+
a

X

+3F(x )+17(x—at)——x_javt(t)dt—1F(x )= 2F, (%)=
p 2270779 2a | g 1M07 o n 20
X+at X,
“ I (x+at)+Eo(x—at)+ o [v(t)dt+— [u(t)dt=
2 2 2a ; 2a,° "
_ X+at
:r(x+at)+r(x at) 1. _[v(t)dt

2 2a

x—at
Takum oOpasom, peiienue 3a1auu Koim nuMeer BUI.

X+at

Jv(&)de. (5.9)

x—at

r(x+at)+r(x—at)+i
2 2a

u(x,t)=

®opmyna (5.9) HazeBaercs popmynoii Jlamambepa. HerpyaHo 3aMeTHTh, 94TO eciin
7(x)eC?*(R"),v(x)eC*(R"), To pemenue (5.9) sBisieTCA PETyISPHEIM PEIICHH-
eM ypaBHEHUS KOJIeOaHus CTPYHbI. Takum 00pa3oMm, CyIIeCTBOBAHUE PEIICHUS 3a-
naun Ko qokasaHo.

2. Eouncmeennocmo pewenua 3adauu. I 1pennonoxum, 4ro CyneCTBYIOT
nBa pemrenust 3anaun Komm u, (X,t) u u,(x,t), mpuuem u,(x,t)=u,(X,t). Torna

uX pasHocTh U(X,t)=u,(X,t)—u,(x,t) Oymer permeHueM OHOPOIHOM 3a1a9n
Komm:

a’u, —u,=0,—0<x<w,0<t<oo, (5.1)
u(x0)=0,u(x0)=0,-co<Xx<o0. (5.10)
YMmHO)kaem ypaBHenue (5.1) Ha 2u, :
2u(a’u, —u,)=2a’uu, —2uu, =0, (5.12)
[Ipeobpa3zyem crienyroue BEIpaKeHUS
2a’u,u, =2a’(uu, ), —2a’uu =2a*(uu ) —a*(u)
2uu, =(u’),
Torga Toxnectso (5.12) 3anuiercs B BUae

2ut(a2uxx — U, ):(zazutux )x _(azuf + ut2 )t
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[lepemnuiiiem 3TO TOXKIECTBO Ha SI3bIKE IEPEMEHHBIX & U 77!
2u (a’u,—u, )=(2a’uu,).—(a’u;+u’), (5.13)

Ha mutockoctu BeiOepeM npou3BosibHyI0 Touky C(X,t) u mpoBeaem yepes Hee Xa-
paktepuctuku ypaBHenus (5.1) CA: &=an+x—at,BC: &=—an + x+at go ne-
pecedeHus ¢ ockro abcmuce B Toukax: A(x —at,0), B(x +at,0).

[Tpounterpupyem ToxkaectBo (5.13) mo Tpeyronpauky A ABC:
[J2u,(a’u, —u, )dédy = [[[(2a’u,u,). —(a’u? +u?) JdEdn =0

AABC AABC
Ucnonb3ys dopmyny ['puna, 6ynem nmersb
[(a’u?+u?)d& +(2a’u,u, )dn =0 (5.14)

AABC
Bnone AB B cuity yenosus (5.10) umeem U, (£0)=0,u,(£0)=0. IlosTomy
I[a2u§(§,0)+ u:(£0)]d& =0. Tanee Bromns orpeskos CA: & =an + x —at,
AB

BC: & =-an+ x+at umeem, uto dé =adn,dé =—adn. Toraa
—a’ [[u? —2u,u, +u’ )d§=—a2j[u§(—an+x+at,;7)—u,7(—a77+x+at,77)]2d77
BC 0
a’ [[uZ+2uu, +u: )déz—azj[ug(afﬁx—at,n)—uq(an+x—at,n)]zdn
CA 0
Torma TOXIeCTBO MPUMET BUL

![ué(—a77+x+at,77)—u,7(—a77+x+at,77)]2d77+

+[[u.(an+x—aty)—-u (an+x-atny)]*dy=0

Ortcrona cienyer, 4To
BC: u,(-ap+x+aty)-u, (-an+x+atn)=0,

(5.15)
AC: u.(an+x-atmy)-u (an+x-atmn)=0.

Ha Bepmmne tpeyronsanka A ABC, To ectb ipu 77 =t u3 (5.15) umeem, uto

BC: u.(x,t)-u (xt)=0, AC: u.(x,t)-u (xt)=0.
Oro o3Hauaer, uro U.(X,t)=0, u (X,t)=0. Tak xak Touxa C(X,t) BeIOpana mpo-
u3BONIBHO, TO V(X,t)e R? 1u (x,t)=0,u,(x,t)=0. CnenosarensHo,
V(x,t)eR?:u(x,t)=const. Ho B cuny (5.10) ¢pynxums u( x,t)=0, oTkyna cie-
nyer, uro V(X,t)e R? :u(x,t)=0. Dro o3nagaer, uTo penrenue 3anaun Komm

€IUHCTBCHHO.
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3. Yemouuusocms pewenusn 3aoauu. Iycts U, (X,t) u u,(X,t) sBustorcs pe-
meHusIMHu 3aaaun Korm:

a’u, —u, =0,—0<x<w,0<t<o,
u(x,0)=r,(x), u(x,0)=v,(x),—wo<X<oo0.
a’u, —u, =0,—o<X<00,0<t<o0,

2 XX 2tt

u,(x0)=17,(x), u(x0)=v,(X),—00<X<oo0.
JlokaxeM, 9TO Ve>0 36=0(¢)>0 u3 HEPaBEHCTBA
7. (x)=7,(X) <8, v,(Xx)—v,(X) <5 crenyer HepaBeHCTBO
u,(xt)—u,(xt)<e. (5.11)

B camom zere U, (X,t) —u,(X,t) g%\rl(x—at)—rz(x— at)|+

x+at 1 1 X+at
jvl(s)—vz(s)\dssg5+55+2— [ods=

x—at

1 1
+—lr,(X+at)—z,(X+at)+—
2\%( )—7,( ) s

:5+2i5(x+at—x+at):5(1+t)<5(1+to).
a

Ecmu BeiOepem o =¢/(1+1t,), TO U3 mpenplAyIIero HepaBeHCTBA BBITEKAET

HepaBeHCTBO (5.11). DTo o3Hauaer, 4YTO MajbIM U3MEHEHUSIM JaHHBIX 3aJlaud COOT-
BETCTBYET MaJjible U3MEHEHUS PEIICHUS, TO €CTh PEIICHUE 3a/1a4l YCTOMYHUBO.
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6. [lomyorpannyenHnas npsimasi. PemieHue 3a1a4 MeT010M NMPOAOIKEHH A,

6.1. HexoTopble cBoiicTBa pemieHusi 3agaun Komm 1Jis1 ypaBHeHUsI KoJle-
O0aHus CTPYHBI

Paccmorpum 3amauy Komm

a’u,, —u, =0, (x,t)eR2, (6.1)
u(x0)=7(x), u (x0)=v(x), xeR*, (6.2)
perieHrue KoToporo onpenaensercs no ¢popmyse lamambepa
ux = D rle-al LU g (6.3)
2 28 (a

Wcxons u3 3Toii (opMyJibl, B 3aBUCUMOCTH OT Y€THOCTH MJIM HEYCTHOCTH Hava bHBIX
nansbix 7(X),v(X) Brons ocu R' orHOCHTENBEHO TOYKM X =0 MOXKHO ONPEIEIHTH
PsAI CBOMCTB pemrenus 3anaun Kommu.
1°. Ecau pynkyuu 7(X), v(X) newemuwvr omnocumenvro mouxku X =0, mo pewe-
nue 3a0auu Kowu (6.1), (6.2) npu x =0 obpawaemcs 6 nyiw, mo ecmo, U(0,t)=0.
Hoxazamenvcmeo. Tlomaras X=0 B ¢dopmyne Jamambepa (6.3) umeem

4 _ +at
u(0,t)= r(at)+ r(-at) +— J. v(t)dt. Ecau yuectb, uro 7(X) SABIsSETCS HEUETHOU

-at

+at
¢ynkmueit, o VteR': r(-at)=—r(at). Kpome Toro, J.v(t)dt:O KaK WHTETrpai OT
-at

HeueTHOH ¢GyHKmmuu v(X) OTHOCHTEIBHO HAyajao KOOPAMHAT C CHMMETPUYHBIMH
npeaenamu. CrnemnosarensHo, U(0,t)=0.

2°. Ecau ¢pynkyuu t(X),v(X) wemnvr omnocumenvro mouku X =0, mo npous-
8ooHas no X pewenue 3adauu Kowu (6.1), (6.2) npu X =0 obpawaemcs 6 nynv, mo
ecmob, U (0,t)=0.

Hokazamenbcmeo. Beraucium MpoOU3BOAHYIO OT perieHus 3aaaun Ko mo me-
peMeHHOM X u, monaras B HeM X =0, uMeem

r'(at)+7'(-at) v(at)—v(-at)
u (0,t)= + :

2 2
Tak kak 7(X) sBAsieTcs 4eTHOM (QyHKIHMEH, TO BBIIOIHICTCS paBeHCTBO 7(-X) = 7(X).

(6.4)

Juddepentupys 310 paBeHCcTBO, monydum — 7'(-X) =7'(X). OTcroga, 3aMeHsiss X Ha
at, umeem 7'(at) + 7'(-at)=0. CnenoBarenbHo, nepBoe ciaraemoe B dopmyie (6.4),
paBHO Hym0. Eciu ydecTsb, uto v(X) sBIsSETCS Y€THON (YHKIIUCH, TO BBITOIHICTCS
paBeHcTBo V(-X) =Vv(X). 3amensss X Ha at, mmeem v(at)—v(-at)=0. Urak, BTOpOC
cinaraemoe B (opmyne (6.4) Taxxke paBHo Hymw. Torma u3 (6.4) ciaemgyer, 4To
u,(0,t)=0.

Omu 08a ceoticmea peutenus 3a0ayu Kowiu modxcHo ucnonvzosams npu peuieHuu
pA0 3a0ay Ha Yemeepmb NI0CKOCMU. [ 9mo2o ciedyem npoooidCums nepuooude-

CKU HA4aibHble OaHHble HA 6CIO HYUC106)Y10 OCb coomeemcmeyruium 06pa30M. Ilo-

IMOMY MAKOU Memoo peueHus 3a0ayu HaA3bl8aemcs MemoooM NPOOOIHCEHU.
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6.2. IlepBasi kpaeBasi 3a1a4a VIS MOJYyOTrPAHUYEHHOI NPAMOIi

B gerBepth muockoctn R? ={(Xx,t):0<x<o,0<t<ow} paccMoTpuMm ciemy-

IOIIKE 3a]1a4u.
Ilepsasn ecnomozamenvnasn 3a0aua. Haiimu pewenue 3aoauu.

a’u, —u,=0,(xt)eR’, (6.5)
u(x0)=7(x),u(x0)=v(x),0<x<oo, (6.6)
u(0,t)=0,0<t<w0. (6.7)

20e 7(0)=0,v(0)=0.
Pewenue. 3nech, cpazy Helmb3s HCIONB30BaTh (opmyny [lamambepa, Tak Kak
byukiuu 7(X), v(X) He onpeneacHs! I OTPUIIATSIbHBIX 3HAYCHUI apryMeHTa.

Ecnu npomoimkuts GyHkmmu 7( X ), v(X) HEYETHO IJIs OTPHIATEIbHBIX 3Haue-
HHUH X, TO €CTh HaYaJbHBIC JaHHBIC OMPEICTUM CICAYIOIIMM 00pa3oM:

Tl(x):{r(x),x>0, Vl(x):{v(x),x>0, 6.8)

—7(-x), x<0, —v(—x),x<0,
To dhopmyina [lamamOepa mpumMer BUA
r,(x+at)+ 7 (x-at) 1 *
, o XLvl(t)dt. (6.9)
dopmyna (6.9) maer pemenue 3amaun (6.5) - (6.7), Tak kak 3Ta (opMyna Kak
dbopmyna Jlanmambepa ymoBineTBopsieT ypaBHeHuto (6.5) u (6.6). Kpome Toro, B cuiy
cBoiictBa 1° BenosHsieTcs u yciosue (6.7).

Eciu yuecth 0003HaueHus (6.8), To u3 (6.9) momydnm pemieHue 3a1ady B BUC:

u(x,t)=

r(x+at)+r(x-at)+_ I o), t<§,
2 28 a

uix = (x + at) — r(at - X) ot X

¢ i T [ vt t> 2

| 2 28 41y a

Bmopasa ecnomocamenvuas 3adaua. Haiimu pewenue 3a0avu:

a’u, —u,=0,(xt)eR’, (6.9)
u(x0)=0,u,(x0)=0,0<x<00, (6.10)
u(O,t)=u(t),0<t<oo0, (6.11)

2oe 1(0)=0, 1'(0)=0.
Pewenue. J1ns perienust 3a7ja4u BOCIONIb3YEMCs OOIIMM PEIICHUEM YPABHEHHUSI
6.9):

) u(x,t)=F(x+at)+F,(x—at), (6.12)

rae F,, F, - npousBonbHbIE IBAXKBI HENPEPBIBHO NupPepenurpyembie pyHkuuu. U3

¢busrueckoro coodbpaxxenus OyneMm cuutaTh, 4to a > 0. Beraucaum npousBoaHyIO
u(x,t)=aF/(x+at)—aF/(x—at) (6.13)

Bocnonw3ysicek ycinoBuem (6.10) u3 (6.12) u (6.13) umeem:
F.(x)+F,(x)=0,F(x)-F)(x)=0,0<x<o.

OTcroa HaXo0auUM, YTO

35



F.(x)=C,,F,(x)=C,,0<x<w. (6.14)

Apryment ¢pyukmuu F npm x=>0,t>0 Bcerpa nonoxxurensHa, To ectb X+ at =0,

nosromy u3 (6.14) 3akirouaem, urto F (x+at)=C,. Torna dhopmyna (6.12) mpumer

BUT
u(x,t)=C, +F,(x—at). (6.15)

X
Ecnu yuects, uto npu t<—, x>0 apryment ¢yHkiuuu F, MmomoxurenbHO, TO €CTh
a

Xx—at>0. Torma u3 (6.14) cnenyer, uto F,(x—at)=C,. CnenoBarenbHO, B 3TOM
ciydae Qopmyna (6.15) mmeer Bum: U(X,t)=C, +C,. Orcroga, B cuiy MepBoro
ycnous (6.10) umeem

u(x,t)EO,tgg. (6.16)

B ciyqae t > X UCIIOJIb3YeM IrpaHnvHoe ycioBue (6.11):
u(0,t)=C,+F,(—at)=u(t),0<t<oo.

OTtcrola HaxoIUM FZ(Z):y(—E)—Cl,—oo<Z£O. [Tomarass, z=Xx—at moxyyum
a
FZ(X—at)zy(t—i)—Cl,—oo<X—atSO . Torma u3 (6.15) umeem
a

u(x,t)=u(t=2), t> 2. (6.17)
a a

Haxkonern, oobenunsis (6.16) u (6.17) momydum pernieHre BTOPOH BCIIOMOTa-
TeJIbHOM 3a7a4M B BUIIC:

u(x,t)= (6.18)

Oobwaa nepeasa Kpaeeas 3adaua. Havimu pewenue 3aoauu:

a’u, —u,=0,(xt)eR’, (6.19)
u(x0)=7(x),u(x0)=v(x),0<x<oo, (6.20)
u(0,t)=u(t),0<t<oo. (6.21)

2de 7(0)=1(0),v(0)=£'(0).
B cuny nuneitHocTn ypaBHenus (6.19) pemenue oO1ieid mepBoit KkpaeBoi 3aj1a-
YU ONPEAEIAETCS KaK CyMMa PELICHUH IIEPBOM U BTOPOM BCIIOMOTaTEbHBIX 3a/1a4:
X + at x-at) 1 X
rix+af+r(x-a 1 [ vpdt, t<=,
2 28 a a

_ - X+at
ﬂ(t_§)+r(x+at) r(at X)+
a

u(x,t)=

X
— t)dt, t>—.
2 ZaJX ® a
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o X
['paHnyHBIN pexuM BIUSET TOIBKO B obnactu t > — (cMm. Puc. 1).

X
t>— t=
a

D | X

X
t<—
a

Puc. 1.

AHAJIOTUYHO OIpEAEINAETCs pelleHne BTOPOM KpaeBoW 3a7auu JJIsl MoJIyorpa-
HUYECHHOM MPSAMOM.
Oobwaa emopasa kpaeesas 3aoaua. Hatimu pewenue 3aoauu.
a’u, —u, =0,(xt)eR:,
u(x0)=r7z(x),u(x0)=v(x),0<x<m,
u (0,t)=pu(t),0<t<owo.

2de 7'(0)=p(0),v'(0)=£'(0).
Oowaa cmewannan Kpaesas 3aoaua. Haiimu pewenue 3aoauu:
a’u, —-u,=0,(xt)eR?,
u(x0)=7(x),u(x0)=v(x),0<x<m,
u (0,t)+yu(0,t)=pu(t),0<t<w,

20e 7'(0) +y7(0)=p(0),v'(0) + yv(0) = 1'(0).
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7. MeTon pa3jiejieHUsl ePeMEHHbIX.

7.1. MeTon pa3nejieHus1 IepeMeHHbIX /1JI51 YPABHEHHUS K0JIeOaAHUs CTPYHbBI

Meton pasnenceHus TEepeMEeHHbIX win MeTon Dypbe, SBISETCS OXHUM U3
HanOoJiee PacIpPOCTPAHEHHBIX METOJOB PEIICHHUS YPaBHEHUH ¢ YaCTHBIMU TIPOMU3-
BOAHBIMU. 3110KEHNE 3TOT0 METO/Ia MMPOBEAEM /1T YpaBHEHUS KOJIeOaHUs CTPYHBI

a’u,, —uy =0. (7.1)
B oomactu D={(x,t):0<x</,0<t<oo}.

IlepBas xkpaeBasi 3agaua. Haiumu ¢ oonacmu D pewenue ypasnenus (7.1),

yoosnemaopstouiee 00HOPOOHbIM ePAHUYHBIM VYCI0BUSM

u(0,t)=0,u(/,t)=0,0<t<w (7.2)

U HaA4YamtbHbIM YCIOBUAM
u(x0)=7(x), u(x0)=v(x),0<x<7, (7.3)

20e 7(X),v(X) - 3a0annvie hynkyuu, npuuem blNOIHAIOMCS YCA08USL CO2LACOBAHUS
7(0)=0,7(¢)=0,v(0)=0,v(¢)=0. (7.4)

VYpaBaenue (7.1) TMHEHMHO W OJHOPOAHO, TTOITOMY CYMMa YacTHBIX peIICHUMN
TaK)Xe SBISIETCS PEIICHWEM 3TOr0 ypaBHEHHS. [[1s MOCTpOEHUS YaCTHBIX PEIICHHMA
PacCMOTPUM CJIEAYIOIIYIO 3a/1auy.

OcHoBHas BcnoMorareJabHasi 3agava. Havumu 6 oonacmu D pewenue ypas-
Henus (7.1), He pasHoe moacoecmeenHo Hy0, YO08Iemeopsaouee 00HOPOOHbIM 2pa-
HUYHBIM YCIOBUAM

u(0,t)=0,u(/,t)=0,0<t<m (7.2)
U npedcmasumoe 8 8uoe nPou38e0eHuUs
u(x,t)=X(x)T(t), (7.5)

20e X(X) - zasucum monvko om X, a T(t) - 3aeucum monvko om t .

[ToncraBnss mpennonaraemyto gopmy perierus (7.5) B ypaBuenue (7.1), mo-
TyIUM

aZX"(x)T(t)— X(x)T"(t)=0. (7.6)
ITocne nenenus Ha a2X( X)T(t) us3 (7.6) umeem
X”(X) B T”(t) (7.7)

X(x) a’T(t)

Yrobs! ynkuus (7.5) Obuta pemienueM ypaBHeHus (7.1), paBeHcTBO (7.7) HOJIKHO
OBITH BBIIIOJHEHO TOXKIECTBEHHO, T.€. JJIS BCEX 3HAYCHMI HE3aBUCHMBIX NEPEMEH-
HBIX 0 <X</,0<t<o0. DTO BO3MOXKHO B TOM Cllydae, €Clid MpaBasi U JeBas 4acTu
paBeHcTBa (7.7) COXpaHsEeT MOCTOSSHHOE 3HAUCHHE

X"(x) T'(t)

X(x) a’T(t)
rae A =const. 3Hak — BBIOpaH Uisl yI0OCTBA MOCIEAYIONIUX BBIKIAI0K. 13 cooTHO-
menus (7.8) momydaeM oObIKHOBEHHbIC AU (epeHInanbHble YpaBHEHUS ISl OIpe-
nenenust X(x) u T(t):

(7.8)
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X"(x)+ AX(x)=0, T"(t)+ Aa°T(t)=0.
I'pannuHbIC YCIOBUS JAIOT
u(0,t)=X(0)=0,u(/t)=X(¢)=0.
Orcroga cienyer, 4ro QyHKIms X(X) JODKHA YIOBIETBOPATH JOTOIHUTEIHHBIM
YCIIOBUSIM
X(0)=0, X(¢)=0,
Tax xak nHa4Ye Mbl UMEH ObI
T(t)=0 mu(x,t)=0.
st dyakmmuu T(t) B OCHOBHO# BCrOMOTraTenbHOW 3aja4e HUKAKHUX JOMOJHUTEIh-

HBIX YCJIIOBUU HET.
Takum 00pazoM, B CBsI3U ¢ HaxokjaeHHeM (QyHKIuH X(X) MBI MPUXOAHM K

npocTeiiel 3a1adye 0 COOCTBEHHbBIX 3HAUCHUSIX.
3agaua lltypma-JluyBuaas. Haiimu me 3nauenuss napamempa A u coom-
gemcmeyroujue HempusUaIbHble peuleHus 3a0ayu:

X"(x)+ AX(x)=0, (7.9)
X(0)=0,X(¢)=0. (7.10)
Takve 3HaueHUs mapaMmeTrpa A Ha3bIBAIOTCS COOCTBCHHBIMH 3HAYCHUSIMH, a
COOTBETCTBYIOIIKME UM HETPUBHAIIBHBIC PEIICHUS — COOCTBEHHBIMHU () YHKITUSIMH.
PaccmoTpum otnensHO cinydau, korma A =0, 4 <0, 4>0.

1°. Ilyctb A =0. B stoM cny4ae ypaBHenue npumer Bug X'(X)=0, oOmiee
pemenune koroporo mpexacraBumo B Buae X(x)=C;x+C,, rne C;,C, - mpowus-
BOJIbHBIC TIocTOsTHHBIC. W3 Tpannynoro ycnoBust X(0)=C; -0+ C, =0 cuenyer, uto
C, =0. Tormza X(x)=C;x. U3 Broporo ycnoBus X(/)=C;¢/=0 umeem C; =0.
CnenoBatenbro, X(Xx)=0.

2°. Ilycts A <0. B 3TOM cilydae xapaKTepUCTHUECKOE YPAaBHCHHE MMEET BHJI
k? +A=0, KODHH KOTOPOrO JeHCTBUTE/IbHBI, PAa3iMUYHbl M IPEIACTABUMO B BHJIC
ki = J-1, Ky = —J—A. Tosromy ofwee pemenne ypaBHenus (7.9) nmeer Bux
X(x)=C, eV Ax 4 C, eV AX, ['paHnYHBIE YCIIOBHS JAKOT!

C,+C, =0, CieV™* +Ce V%! =0.

Otcrona Haxoqum C, =C, =0, u, cienoBarenbHo X(X)=0.

3°. Ilycte 4 >0. B 3TOM ciiydae XapakTepHCTUIECKOTO YPaBHEHUS KOMILIEKC-

HO-COMPSDKEHHBI: K; = i, K =—i/A. Mostomy obwee pemenue ypasrerus (7.9)
UMEeT BUJI

X(x)=C,cosv/Ax+C,sinJaAx. (7.11)
N3 mnepBoro rpanuuyHoro yciaoBus umeem: X (0)=C, cos( JA0)+
+C,sin(~2-0)=C, =0. [TosTomy  ofOmiee  perieHue pUMET BUJI

X(x)=C,sli n(vAx). U3 BTOPOTO I'PaHUIHOTO YCITOBUS uMeeM:
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X(€)=Czsin(ﬁ€)20. ITo ycrmoBuro X(X) HE paBHO TOXACCTBEHHO HYIIIO, TO
C, #0, moatomy Sin(\/zﬁ):O WIN \/_:7[7;1, n=+1,+2,....

CnenoBaTenbHO, HETpUBHaNbHBIE penieHus 3anadd (7.9)-(7.10) BO3MOXKHBI
JUIIb TPU 3HAYEHUSIX

2
A=2 :(’%‘j n=12. . (7.12)
9TI/IM CO6CTBCHHBIM SHAYCHUAM COOTBCTCTBYIOT CO6CTBCHHBIC q)YHKHI/II/I
X(x):xn(x)zczsin”Tf‘x,nzl,z,... (7.13)

UYToOBI WCKITIOYUTH HEOMPEAETECHHOCTh B BHIOOPE MHOXXHTENS, MOXKHO IMOJTYHHHUTH
coOcTBeHHbIE QYHKIIMU TPEOOBAHUIO HOPMUPOBKH

IX(x)[ :ixj(x)dx:l. (7.14)
0
Torna u3 ycnoBus (7.14) umeem

14
c - -7TN
C:[sin* =—xdx=1,
0 !
2
u3 Koroporo HaxomnuMm C, = A Taxkum 06pa3om, coOCTBEHHBIE (DYHKIIUH, YIOBJIE-
TBOpsitoiee ycioBuio (7.14), umerot Buj

X(x)=Xn(x):\/%sin%]x,nzlz,... (7.15)

VuutbiBas coOcTBeHHble 3HavyeHus (7.12) mis ¢ynkmum T(t)=T,(t) nomyuum
ypaBHEHUSI

2
Tn”(t)+(”7?a) T.(t)=0, (7.16)
pPEIICHUC KOTOPOro MUMCCT BU.
zn . 7N
Tn(t):,%cosTatJrBn sm7at,n:1,2,..., (7.17)

rae A, , B, - mpousBosibHbIE TOCTOSIHHBIE. TOrna pemeHne OCHOBHOM BCIIOMOraTeb-

HOW 3a/1a4H, yIoBJIeTBOpstoliee ycinouio (7.2) u npeacrasumoe B Buje (7.5), umeer
BH/

u(x,t)=u (xt)= \E(A” cos™ L at + B, sinﬂatjsin”—nx.
/ 1 1 1
B cuity nuHeliHOCTH ¥ OAHOPOAHOCTH ypaBHeHHUs (7.1) cymMMa 4aCTHBIX pelieHUM
2 n . 7N . 7N
u(x,t)= ZZ(A“ cos%at+ anm%atjsm%x (7.18)
n=1

Tak)Ke yIoBJIeTBOpseT ypaBHeHUIO (7.1) u rpanmunbiM yciaoBusiM (7.2). [TocTosiHHBIC
A, n B, onpenenum u3 HayanpHBIX ycaoBuii (7.3):
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u(x0)= ZAﬂsm7x 7(x),0<x</, (7.19)

u(x0)= \/73— Bsm—nx v(x),0<x< /. (7.20)

N3 Teopun psinoB Oypbe U3BECTHO, YTO MPOU3BOIBHASI KYCOUHO-HETIPEPHIBHAS U KY-
couHno-nmuddepernmpyemas ¢pynkus f(X), 3aganHas B mpomexytke 0 < x </, pas-
naraercs B pan Oypee

f(x)=3h, sin’%‘x, (7.21)
rac 7
:—j f(g)sm—dgZ (7.22)

Cornacuo ¢opmymn (7.21)-(7. 22) u3 (7.21)- (7 20) umeem
A = \ﬂ (§)S|n—§d§ B, ——\ﬂv(g)sm—gdg (7.23)

Takum oOpazom, perienue nepBoit kpaesoit 3amauu (7.1)-(7.3) maercs psaom (7.18),
rne A u B onpenensitorcs popmymnamu (7.23).
Teopema. Eciu 7(x)eC?[0,/], umeem xycouno-nenpepwisnyio mpemovio
NPOU3BOOHYIO U YOOBIEMBOPSIEN VYCIOBUIM
7(0)=7(¢)=0,7"(0)=7"(¢)=0,
v(0)=v(r)=0,
mo gyuxyus U(X,t), onpedensemasn psioom (7.18), umeem nenpepuwisnvie npoussoo-

Hble 2-20 nopsoka u yoosiemesopsiem ypasnenuio (71.1), epanuunvim ycrosusm (7.2) u
nHauanvrvim yenosusm (1.3). Tpu smom 603modicHO nounennoe oughghepenyuposanue
psoa (71.18) no X u t 0ea pasa, u nonyuennvle psodbl CX00AMCs AOCOIOMHO U PABHO-
mepro npu 0 <X <L u arobom t.
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8. 3amauu ¢ JaHHBIMHU Ha XapakTepucTukax. @ynkuus Pumana.
8.1. IlocTanoBka 3axauu I'ypca. @opmy.aa I'puna.

B obomactu D={(X,y):0<X<®,0<y<oo} MBI BbIBEIEM HHTEIPATbHYIO
dbopmyiy perrenns 3aaayun ['ypca s ypaBHEHHS THIIEPOOIMYECKOrO THITA

L(u)=u, +a(x,y)u, +b(x,y)u, +c(x,y)u=f(x,y) (8.1)
rae a, b,c, f - 3agannbIe QyHKIMH.

3apava I'ypca. Haiimu 6 oonacmu D pewenue ypasuenus (8.1), yoosiemeo-
psioujee epaHuyHbIM YCA08UIM

u(0,y)=e(y),0<y <o,
u(x0)=w(x),0<x<omo,
20e 3aodannvie gynxyuu @(y)eC'[0,0),p(x)eC'[0,0), npuuem evinornsemcs

(8.2)

ycaogue co2naco8anusl
@(0)=yw(0). (8.3)
3anmaua ['ypca yacto Ha3bIBaeTCs XapaKTEpUCTUUYECKOM 3a/auei, Tak Kak rpa-
HUYHBIE yclIoBUs (8.2) 3a/1al0TCs HAa XapaKTepucThKax ypaBHeHus (8.1).
ITycte J(X,Y) - npousBosibHAs PYHKIMS, 3adaHHas B oomactu D . YMHOKaeM

ypaBHenue (8.1) Ha ¢ u nepeOpocuM MPOU3BOJIHbIE OT U Ha I

gu, =(9u, ), -4u, =(9u), -(Ju) +3 u=[(Ju) -Su], —-(Ju) +3u
YTo0Obl 00ECIEYNTh CHUMMETPUYHOCTh B BBIBEACHHOW (POPMYIIE€, pACCMOTPUM TaKXKe
BBIPAKCHUE

Ju, =(3u, ), -3u, =(3u, ) -(Ju), +3u=[(Ju), -Ju], —-(Ju), +3,u
CyMMUpYys MOJTYYEHHBIE BBIIIE BHIPAYKCHUS, TOTYIUM

Ju,, = [%(&lu)y -Ju], - [—%(Su)x +3u], +3.u
Janee nmeem Jau, =(adu) —(ad)u, dbu =(bJu) —(bJ)u, Jcu=cu.
Torma umeer mecto ToxaecTso Jlarpanxka
9L(u)—uL*(3):[%(Su)y—(gy—ag)u]x—
1 (8.4)
—[—E(SU)X+(19X—b19)U]y,

rie L'(9)=39,-(a%), —(bF), +cI - conpsxennslii nuddepeHnmanbhbiii onepa-
TOp. 3amnuIieM ToKaAeCcTBO (8.4) Ha SI3bIKE IEPEMEHHBIX & H 7] .
1
JL(u)—uL=*(9)= [E(Su)ﬂ (8, -ad)u], -

. (8.5)
~[-5(8u), +(8, ~b9)u],.

B mrockoct O&n BeiOepem obmacts D™ ={(£,7):0<&<x,0<n <y} ¢ Bepmuna-
mu A(00),B(x0),C(x,y),E(0,y). 3necs Touka C(X,y) BbIOpaHa MPOM3BOIBHBIM
obpaszom (cm. Puc. 1).
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WNuTerpupys toxmectBo (8.5) mo odmactu D™ u ¢ yuerom ¢opmynsr ['puna,
nMeeM

[[9L(u)—uL*(9)d&dn = j[—%(&lu)§ +(9. —bJuldé+
b’ ® (8.6)
+ [%(lslu),7 —-(8,—ad)ldn.

rae 0D” - o3Havaer rpaHuIlpl odmactu D,

8.2. BblumciieHne KPHBO- n4
JIMHEHHOI0 MHTErpaJia.

OueBnano, yto D" = AB U
UBCUCEUEA. Torma mno
CBOWCTBY KPHUBOJMHEWHOIO WH- C(x,y)
Terpajga BTOPOro pojia UMeeM E(0.y)

J=[+]+]+]

oD” AB BC CE EA
YpaBHEHUS NyTE€W MHTErpPUpPOBa-
HUS UMEIOT BUJ!

AB:n=0,dn7=0,0<&<X;
BC:£=x,d§=0,0<nyp<Yy; A(0,0) B(x,0)
EC:p=y,dn=0,0<&<x; <
AE:£=0,d6=0,0<7<Yy; Puc. 1.

KpuBonuneiinbie WHTErpaJibl

CBCIACM K OIPCACICHHBIM HHTCTpaJIaM, YUYUTBIBAA IIPU 3TOM TI'PAHUYHBLIC YCIIOBUA

(8.2):
1) j[—%(gu)g (9. —b9)u]d§:j[—%(9u)§ +(9. —~bo)u]|, dé=

v

G T +j(z9,: —b9)u]l, d&=
:—%S(X,O)u(x,0)+%S(O,O)u(0,0)+E(x% —b3)|,, u(£0)dS =
=—%9(X,O)v/(X)+%9(0,0)t//(0)+i(9§ D), w(E)dE,

2). [[5(9u), (8, ~ad)uldn=—[[5(3u), +(5, ~as)]L, dn=
=5 90O +](8, ~asuL, dn =

=—%,9(0,y)u(0,y)+%3(0,0)u(0,0)+f(19,, —ad)|, u(0,7)dn =

=—%g(o,y)(p(y)+%9(o,o)(p(0)+f(z9,, —ad)|., ¢(n)dn.
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3). [[,(8u),~(8,~aduldn=[[(9), ~(8, ~adn]l. dn-
—Sxauxl ~J(8, ~agw.. dn -

:%g(x,y)u(x,y)—%él(x,o )u(x,O)—i(:S',7 —ad)|._, u(x,n)dn.

Tax kax Ha orpe3ke BC unckomas QyHKIus HE 3a/1aHa, TO3TOMY BBIOEPEM YCIIOBUS

BC: 9 (xp)—a(x,7)9(x,n)=0,0<np<y. (8.7)
Ecnu x ypaBHenuto (8.7) mpucoeanHsieM Ha4alIbHOE YCIIOBHE
Hxn)l.,=1, (8.8)
TO pemieHue 3anauu (8.7)-(8.8) oHO3HAYHO OTpeeseTcs B BUIe
y
19(x,77):exp(—ja(x,t)dtj,ogns y (8.9)
n

Torna
j[%wuz,—(9,7—a9)u]dn=%S(X,y)u(x,y)—%S(X,O)w(x). (8.10)

4). j[—%(&u)§ +(, —b19)u]d§:—'xf[—%(,9u)§ +(9. —bJ)u]|_, dé=

—S(EYWEYIET -[(8. ~boNI L, dé -

:%g(x,y)u(x,y)—%g(o,y)u(o,y)—f(%—bx9)l,7_y u(s,y)dé.

Ha otpe3ke CE nckomas ¢yHKIHS Takxke HE 3a7aHa, TO3TOMY BBIOEpEM yCIOBUS

CE: 9.(&,y)-b(&,y)3<,y)=0,0<E<x. (8.11)
Kak u BbI11I€, TpHCcOenuHsA K ypaBHEeHHIO (8.10) HauanbHOE ycnoBue
HEY)=1, (8.12)
HaiiieM pemenue 3a1auu (8.11)-(8.12) B Buze
9(§,y):exp[—jb(x,t)dtj,0S§§x. (8.13)
£

Torna
1 1 1
J[E(Su ) +(9. ~b&uldn =2 9(xy)u(xy) =2 9(0.)p(y).  (8.14)
CE
Hcnonb3ys noaydeHHbIe pe3yabTaThl U3 hopmyssl (8.6) umeem

[[9L(u)-u L*(S)dgdn=—%S(X,O)c,z/(x)+%9(0,0)w(0)+

+T(19¢ —bd)l, W(f)df—%S(O,y)(o( y)+%3(0,0)¢(0)+
0 (8.15)

+](8,-a9)L. (P(U)dn+%Q(X’Y)U(X,Y)—%S(X,O)z//(x)+
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+%,9(x,y)u(x,y)—%w9(0,y)(ﬂ(y)-

8.3. ®yukuus Pumana.

[Mycts H(&,n) - peleHne CONpsHKEHHOTO YPaBHEHHUS

L'(9)=9, —(a9). —(b&), +c9=0, (8.16)
yI[OBJIeTBopHIOHIee YCHOBHHM
19(5,77)|§_X=exp[—fa(x,t)dtj,oSnsy, (8.17)
19(5,77)|,7y:exp(—ib(x,t )dtJ,OSﬁS X. (8.18)
¢

Pemenue 3amauu (8.16)-(8.18) HazoBem dynkiueit Pumana. 13 (8.8) u (8.12) cneny-
€T, 4TO

d(x,y)=1. (8.19)
B cuny Toro, uto Touka C(X,t) BbIOpaHa MPOHM3BOJILHO, €CTECTBEHHO CYUTATh, YTO
¢dbyHKIMS PrMaHa 3aBUCUT HE TOJIBKO OT MepeMeHHBIX & U 77, HO M oT X u Y. Ilo-
aTOMY ee 0003HauuM B BujIe ¢ =9(X,Y;&,77).

Teopema. Eciu a,,b, ceC, ¢ynxyus Pumana cywecmsyem.

8.4. Ilpencrasienue pemenue 3agaum I'ypca.

C nomompio ¢pyHkiuu Pumana u3 (8.15) monydum npeacTaBlieHHE pelieHUe
3amaun ['ypca

u(x,y)=3(xy;0,y)e(y)+39(xy;x0)y(x)+3(x,y;00)p(0)+
+I[9¢(X,Y:§D)—b(§,0)9(x,y;§,0)]y/(§)d§+

y 8.20
+[[9,(x,y:0,7)—a(0,7)9(x,y:0,17)]e(n )dn + (8.20)

+ Jdef900ysEm T (Endn.

Mpumep 1. I[Tocmpoums Gpyuxkyuu Pumana 6 ciyuae, koeoa a=b=c=0.
Pemienne. B aTom ciyuae 3agauda (8.16)-(8.18) 3anuiiercs B Buje:

L'($)=9.,=0 (8.21)

HEm),=10<n<y (8.22)

HEn)|, =108 <X, (8.23)
O6muee penienne ypaBHeHus (8.21) umeer Bua

HEm)=1(S)+ T(n), (8.24)

N3 ycnosuii (8.22), (8.23) umeeM
HEm)l=T(x)+ T(n)=10<p<y, f(n)=1-1(x),

(8.25)
HEn).,=f(S)+T(y)=10<8<x, f(&)=1-f(y).
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Torma w3 (8.24) momyumm, uro H<En)=T1(E)+ f(n)=1-Ff(x)+1-1f(y)=
=2-f(x)— f(y). Ho u3 (8.25) nonyuum Takxe paBenctBo f(x)+ f(y)=1. To-
rna H(&,n)=1. Urak, pynkius Pumana cyiiecTByeT U UMeeT BH/T
Hxy;é6n)=1.

[Tosromy pemienue 3aaauu ['ypca asis ypaBHEHUs

L(u)=u, =f(x,y) (8.26)

u(0,y)=¢(y),0<y <,

u(x0)=w(x),0<x<oo,
IIpencraBumo B BUjE

WY ) =g y) +p(X)+@(0) + [dE] F(£.)dn.

(8.2)
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9. 33)]3‘11/[, NpUBOAAIIMECH K YPaBHCHUAM napaﬁo.lmquKoro tuna. Ilo-
CTAaHOBKA KpaeBbIX 3a/1a4.

9.1. BbiBOA ypaBHeHMS TENJIONPOBOAHOCTH.

PaccmoTrpum Bonmpoc pacnpocTpaHEeHHS TEIjla B OJHOPOJAHOM CTEPHKHE KOHEU-
HOW NIJTMHBI /, TeMIeparypa KOTOPOro B KaXKIOW TOUKEe X ompenensieTcs QyHKIHMeH
u( x,t) B moment Bpemenu t. Torma ¢pyrkius U =U( X,t) gaer 3aKoH pacrpenaeieHus

TeMIiepaTypsl B cTepxkHe. BriBenem auddepenimanbHoe ypaBHEHHE ISl ATOW (PyHK-
105058

BriBogi ypaBHEHUsI TeIIOompoBOAHOCTH Oa3upyercs Ha 3akoHe Dypbe: Ecau
PAasiIuyHble Yacmu meaa Haxo0samcs npu pasiudHou memnepamype, mo 8 meie 0y-
Oym Npoucxooums O08udcenue menia om Oojlee Hazpemsvix yacmel K MeHee Hazpe-
MuIM Yacmsam mea.

Bribepem och X (HampaBWB €€ 1O OCHU CTEPIKHS) TaK, YTOOBI CTEPKEHb COBIIA-
nai ¢ orpe3kom [0,/] ocu X.

X X + AX

Puc. 5.

Beiienum snemeHT crepkHS [ X,X+ AX] M cocTaBUM Ui HEro ypaBHEHHE
TEIJIOBOTro OajlaHca, COrIaCHO KOTOPOMY CKOPOCTh M3MEHEHHUS KOJUYECTBA TEIlla B
paccMaTprBaeMOM 00bEME, paBHA KOJIMYECTBY TeIlIa, MOCTYIMUBIIEMY B 3TOT 00bEM
B €JIMHUILY BPEMEHH.

CxopocTh U3MEHEHHUS Konunuectra
TerIa TEeIUIa

1) CKOPOCmb U3BMEHEeHUA menJid. CKOpOCTI) N3MCHCHHA TCILJIa B BBIACJIICHHOM

X+A4X au Xt
QJICMCHTC CTCPIKHA pPaBHaA j Cps%dx, raic C — TEIIOEMKOCTH MaTtcpualia

CTep)KH}I; ,0 — IINIOTHOCTD, S — IJIoIaab nonepequro CCUCHU4. HpI/IMeHHﬂ K JT OMy
HHTErpaLy TEOPEMY 0 CpEeaHEM, [IOJIyYUM
X u( x,t Ou( X + 0. Ax,t

I CpS%dX:CpS ( th )

X
2). Konuuecmea menna. Teneps HaiiieM KOJUYECTBA TEIUIa, MOCTYIHBIICE B
BBIJICJICHHBIN 3JIEMEHT CTEPXKHS 32 €IUHUIY BpeMeHU. M3BECTHO, YTO KOJIUYECTBO
Teruia, MpoTeKaroIlee Yepe3 ceueHne S ¢ adCIUcco X 3a eAMHMILY BPEMEHH, PaBHO

_kau(x,t)
0X

[TorTOMy HCKOMOE KOJMYECTBO TEILUIa PABHO (3HAK
xo0um om Oojiee Hazpemvlx MoOYeK K MeHee Ha2pemblm)
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Ax, tne 0< 6, < 1.

S, rae K — ko3 UIUEHT TEIIONPOBOIHOCTH, & S — IUIOIIA/Ib CCUCHHS.

"n_n

ozHauaem, 4mo menjio nepe-



Q.= OX OX

2
kS ou(x+4xit) au(xt) kS 0 u(x+62?2Ax,t)AX
0X 0X O X
rae 0<6, <1. (3necy npumensiercs (popMysia KOHEUHbIX NpupaiieHuil Jlarpanxka k

8u(x,t)).
X

_kau(x,t)s_(_kau(x+Ax,t)Sj:

byHKIIIH

3). Tennosvie ucmounuku. Boienenue Temia MoXeT ObITh XapaKTEPHU30BaHO
IUTOTHOCTBHIO TETUTOBBIX HCTOYHMKOB f(X,t) B TOuke X B MOMeHT Bpemenu t. B pe-

3yJIbTaTe JMEHCTBHSI ATHX MCTOYHUKOB HA y4acTKe CTepKHs [ X,X + AX] Bbyaeaurcs
KOJIMYECTBO TEILIa

X+AX

Q,= [Sf(xt)dx=S f(x+6,4x1t)4x.

CocTaBUM ypaBHEHHE TEILUIOBOTO OaslaHca
ou(x +0,.Ax.t O*U( X+ 8,4x,t
coS ( ! ) Ax=KkS ( 2 )
ot OX
Paznenum 06e yactu 5Toro ypaBHeHus Ha S A X (00beM BBIICIICHHOTO JIEMEHTA

AX+S f(X+6,4%x,1)AxX

CTEPIXKHS) M YCTPEeMHUM A X K HYJIIO (CTATHBAs BBIICICHHBIN JIEMEHT CTEPIKHS K Ce-
yeHuto). [Tomyunm
ou(x,t) o2 ofu(x,t)
ot ax

+ F(x,t), Q)

e at =K F(xt)= 2 f(xt).
co co

DTO ypaBHEHUE HA3bIBAETCSl YPABHEHUEM TEIUIONPOBOJHOCTH AJISI OAHOPOIHO-

k

ro crepxkHs. Benuunna a = |—— Ha3biBaeTcsl KO3QPUIUEHTOM TeMIIepaTypoIpo-
cp
BOJHOCTU.
Ecnmu uctounuku teria oTcyTcTByHOT, T.€. F(X,t)=0, TOo ypaBHEeHHe TerIo-
IMPOBOAHOCTH IIPUHUMACT HpOCTOﬁ B/
ou(x,t) o2 o’u( x,t)
ot ox?

(@)

9.2. YpaBHenue nuddys3uu.

Ecnu cpena HepaBHOMEpHA 3all0JIHEHA ra3oM, TO UMeeT MecTo qudy3us ero
U3 MeCT ¢ 0oJiee BBICOKOM KOHIIEHTPALMEN B MECTa C MEHbILIEH KOHIIEHTPALMEH. ITO
e SIBJICHHE UMEET MECTO U B PACTBOPAX, €CJIM KOHIEHTPALMS PACTBOPEHHOI'O BEIIE-
CTBa B 00bEME HE MOCTOSIHHA.

[Tpouiecc muddy3un B TpyOKe, 3aMOTHEHHON MOPUCTONU CPEION OMHCHIBACTCS
YPaBHEHUEM
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2 (pou)_gau .
ox\ 00X ot
rae D - koapdunuent quddys3uu, ¢ - koahbUIUEHT TOPUCTOCTH.

VYpaBuenue (1) Ha3biBaercs ypaBHeHHEM T Py3un. OHO BHOJIHE AaHATIOTMYHO
YPaBHEHUIO TEIUIONPOBOJIHOCTH.

Ecnu xoagduument nuddy3un nocrosHeH, To ypaBHeHUE TUPPy3un npuHU-
MaeT BHU]I

u =a’u (3)

t XX

D
roe a’ =—.
C

9.3. MareMaTnuyecKue MOJeJM HAYAJIbHBIX U TPAHNYHBIX YCIOBHH.

Bce ¢Qusmueckue mpoliecchl HaYMHAIOTCS B HEKOTOPBII MOMEHT BpPEMEHH.
HavaneHeiii MOMeHT BpeMeHH 00b19HO Oepercs Hynem: t =0. [Tockonbky MBI cTanu
CJIEIUTH 3a TEMIIEPATYPOU C TOTO MOMEHTA, KOT/la CTEp)KEeHb 001a1all C MOCTOSHHON
TemIeparypoit T,, To umeeM

u(x0)=T,,0<x< 7. 4)
Ycnoeue (4) nazvieaemca nauanvnvim yciosuem.

Ecnu temnepaTtypa KOHIIOB U3MeHsieTcs: 1o 3akoHaMm ¢, (t) u ¢,(t), To momy-

9UM

u(ot)=¢,(t), u(Lt)=p,(t),0<t<T. (5)
Ycnosusa (5) nazviearomcesa epanuynvimu ycioeuamu nepeoz2o pooa, hpuznyeckum
CMBICJIOM KOTOPOTO SIBISIETCS 3A0aHUEe MeMNEPAmypHO20 PeHCUMA.

Ecau KOHIIBI CTEpKHST TEIUION30JIMPOBAHBI, TO €CTh HE TPOXOAUT HUKAKOU TO-
TOK, TO HOpMajbHas MPOU3BOJHAS JIOJDKHA OOpaImiaThcs B HYJb Ha TpaHuie. Torma
I'PAHUYHbBIC YCIOBUS UMEIOT BUI:

u (0,t)=0, u(/t)=0,0<t<T. (6)
Ycnosusa (6) nazviearomcea zpanuynslmu ycioguamu émopozo poda. Ecam KOHITBI
CTEP>KHS HE TEIUIOU30JIMPOBAHBI, TO €CTh, 3aJ]JaH PEKHUM TEIUIOBOrO IMOTOKA, TPaHUY-
HbIE YCJIOBHS 3aMMIIIETCS B BUJIC

u(ot)=¢(t), u(lt)=¢,(t),0<t<T (7)
Ecnu Ha KoHIax cTep)kHs 3ajaeTcs TeMIleparypa OKpysKaroled cpenbl (Teraooo-
MEH), TO TPAaHUYHbIE YCIIOBUSI UMEIOT BU]I

0,(0,0)+ 7, u(0t) = @,(t), U, (L) +7,u(£t)=p,(1),0<t<T (8)

Ycnosusa (8) nazviearomesn cpanuynsimu yciosuamu mpemupezo pooda.

9.4. [locTaHoBKAa KpaeBbIX 3a/1a4.

B 3aBucuMmocTn ot I'paHUYIHBIX yCJ'IOBI/Iﬁ CTaBATCA CICAYIOIIMEC KOPPCKTHLBIC
KpacBbIC 3a1a4U.
IlepBasi kpaeBasi 3anaua. Haiimu pewenue ypaguenuss menionposooOHoCmu
u =a’u,,0<x</(,0<t<T,
yooeiemeopsoujee YCio8Uuim

xx !
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u(x0)=17(x),0<x<7,
u(Ot)=e,(t), u(/t)=¢,(t),0<t<T,
e0e 7(X), p,(t) u @,(t) - 3a0anuvie pynxyuu.
Bropasi kpaeBas 3aga4a. Haumu peuienue ypasHenus menionposooHoCmu
u=a’u,,0<x</(,0<t<T,
yoosiemesopsitouee yCio6UsIm
u(x0)=7(x),0<x</,
u (0,t)=p, (1), U (l,t)=9,(1),0<t<T,
ede 7(X), p,(t) u @,(t) - 3a0anuvie pynxyuu.
Tperbst kpaeBas 3axava. Hatimu peuienue ypasnenus menionposooHoCmu
u =a’u,,0<x</(,0<t<T,
yoosnemesopsitouee YCiosusim
u(x0)=r7(x),0<x</,
u(0,t)+y7,u(0t)=p(t), u(/t)+yu(lt)=p,(t),0<t<T,
ede y,,y,=const, 7(X),p,(t) u ¢,(t) - 3a0annvie pynxyuu.
Ecnu cTepkeHb 0€CKOHEYHA, TO IPaHUYHbBIC PEXKUMBI HE BIIMSIOT Ha TEIIJIOBBIC
MIPOIECCHI U KOPPEKTHA CIIEAYIONIas
3angaua Komu. Haiimu pewenue ypasnenuss menionposooHoCmu
u =a’u, ,—oo<x<w,0<t<T,
yoosnemeopstouee yCioeuim
u(x0)=7(x),—0< X<,
20e 7(X) - 3a0annas ocpanuvennas QyHKyus.

xx !

xx !

xx !
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10. HpI/IH]_ll/III MaKCHUMYMa. TeopeMa CAIMHCTBCHHOCTH Jisi YPaBHCHUA
TEILJIOIPOBOAHOCTH.

10.1. IpuHIMNI MaKcUMyMa.
B o6mactu D ={(x,t):0<x</,0<t<h} paccMoTpuM ypaBHCHHE

u, = a’u,, (10.1)
['panuier odnactu D 0603HauUM R
CJICAYIOIIUM 00pa3oM: y
AB ={(x,y):0<x</,t=0},
BB, ={(X,y):x=¢,0<t<h},
AB, ={(x,y):0<x</t=h},
BB, ={(Xx,y):x=0,0<t<h}.
HNwmeer mecTo crenyromas
Teopema 1 (Ilpunomun A Bo
IKCTpeMyma). FEciu  @ynkyus X0 X
u(x,t), onpedenennas u uenpe-
PblBHAA 8 3AMKHYmMOoU obnacmu

D, yoosremsopsiem ypasnenuro menionpogoonocmu 6 moukax oonacmu D,
MO MAKCUMAIbHOE U MUHUMALbHOE 3HaveHusi @yukyuu U(X,t docmuearomcs

Ao Bo

to C(Xo,1o)

Puc. 1

UU 8 HAYANbHBIU MOMeHm, uiu 8 moykax eparuysl X =0 unu X = 1.
Joxka3areabcTBo. J[0Ka3aTeIbCTBO MPOBEAEM METOJIOM OT IMPOTUBHOTO.
[Tycte M o3nHavaeT makcumanbHOe 3Hadenue U(X,t) Ha oTpeskax AB, BB,

wm AA,: M =max{ max u(x,0)}, maxu(0,t),maxu(/,t)} .
0<x</ 0<t<h 0<t<h

[Ipennonoxum, 4ro B HekoTopoi Touke C(X,,Y,) 0<X, </, 0<t<h
ynxmus u( X,t) mocturaer cBOEro MaKCMMAJIBHOTO 3HAYCHHUS, PABHOTO
u(Xy,tg)=M +¢, (10.2)
npeBblmaomero yem M .
CpaBHuM 3Haku JeBOM W mpaBod uyacted ypaBHeHus (10.1) B Touke
C(X,ty ). Tak xak B Touke C(X,,t;) GOyHKIUS TOCTUTAET CBOETO MaKCUMAIlb-
HOT'O 3HAYEHHUSI, TO

2
X X
%) _o U l) g (10.3)
0 X 0 X
Tak kak U(X,,t) mocTuraeT MakcMMalIbHOTO 3Ha4YeHUs TipH t =1t;, TO

M >0. (10_4)
ot

CpaBHuBasi 3HaKu MpaBoi U jeBoM yactu ypaBHeHus (10.1), Mbl BUAUM, YTO
OHM pasinuyHbl. OQHAKO OTO PACCYKICHUE €lIe HE JOKAa3bIBa€T TCOPEMBI, TAK
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KaK MpaBas U JeBas 4acTU MOTYT ObIThb pPaBHbI HYINIO, YTO HE BJIEYET 3a COOOIi
IIPOTUBOPEYUSL.
Jlns momHOTO JOKa3arenbcTBa HaiieM Touky C(X,,t;), B KoTOpOii

o° U(X;’tl)so L ou(x,t)
0 X
byHKIIIO

>0. [nst 3TOro paccCMOTpPUM BCIIOMOTATEIb-HYIO

J(X,t)=u(xt)+k(t, -t) (10.5)
rae K - HEeKOTOpoe MOCTOSHHOE YUCIIO. 3aMeTHM, 4To GyHKImsa F( X,t) He sB-
JSETCS pelIeHUEM YpaBHEHUS TETUIONPOBOAHOCTH. OYEBHIHO, YTO

H Xty )=U(Xy,tp ) =M +e¢,

k(t, —t)<kt, <kh.

Breioepem k >0 Ttak, uroosr kh ObL1 MeHbIIE %, TO €CTh K < % Torma mak-
cumanbHoe 3Hauenne H( X,t) npu t=0 wmm npu x=0, X=/ He OymeT mpe-

&
BOCXOJUTDH M + E’ TO €CTb

H(x,t)<M +§ npu t =0 mwm X=0,mwmu x=/, (10.6)
TaK Kak JUIsl 9TUX apTyMEHTOB mepBoe ciaraemoe dhopmyinsl (10.5) He mpeBoc-
xoaut M, a BTOpoe - g B cuny HenpepsiBHOCTH DyHKInu F( X,t) oHA TOIIK-

Ha B HEKOTOpo# Touke (X;,l; ) AOCTUraTh CBOEro MakCHMAaJbHOTO 3HAYCHHSI.
OueBUIHO, YTO

H X, )Z2H X t)=M +¢ (10.7)
[Toatomy t; >0 m 0 <x; </, Tak kak npu t =0 mmm npu X =0, X =/ umeer
mecto HepaBeHCTBO (10.6). B Touke (X ,t; ), mo ananoruu ¢ (10.3) u (10.4),

8219(X;,t1)go’819(X1,t1)20.

0 X ot

13 (10.5) mmeem u( X,t)=9(x,t)+k(t—-t,). Torna
82u(X1,t1):829(X1,t1)<0 8u(X1,t1):69(X1,t1)+k>k>o
0 x* ox> ot ot -
Otcrona cienyer, 4to
8u(X1,t1)_a282u(X1,t1)>k>0

ot ox: ’

To ecth ypaBHenue (10.1) Bo BHyTpeHHel Touke ( X;,t; ) HE ymoBIeTBOpSIETCA.

JIOJKHO OBITH

AHaJIOTHYHO MOXKET OBIThH A0KazaHa W BTOpasa 4aCTb TCOPCMBI O MHUHH-
MaJbHOM 3HAYCHMHU. Bnpoqu, 9TO HC Tp€6y€T OTACIIBHOI'O A0Ka3arcJiIbCTBA,
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TaK KakK (I)YHKI_II/ISI Ul =—U uMeeT MAaKCUMaJIbHOC 3HAUYCHUEC TaM, I'Ilc U MHUHU-

MaJIBHOE.
Tem cambiM g0Ka3aHo, uTO pemreHue U( X,t) ypaBHEHHS TEIUIOIIPOBOHO-

ctu (10.1) BHyTpu 00NaCTH HE MOKET MPUHUMATh 3HAYEHUW, MPEBOCXOAIINX
HanOoJbIIee 3HaueHue U( X,t) Ha rpanune (to ectb pu t =0, x =0, X =7).

10.2. Teopema eIMHCTBEHHOCTH JJISI YPABHEHHS TENJIONPOBOIHOCTH.

Teopema 2 (EamncTBeHHOCTDb). Eciu dse ¢ynxyuu, U(X,t) u u,(X,t)

onpeoesiennvle U HenpepvlgHvle 8 3amkHymou ooracmu D, yooenemeopsiom
VPABHEHUIO MENTONPOBOOHOCMIU C HAYATIbHLIMU U KPAEBbIMU Y CILOBUAMU

%:a2%+ f(xt), i=12,(xt)eD,
U;(x0)=u,(x0)=7(x),0<x</,
u,(0,t)=u,(0,t)=¢,(t),0<t<h,
u,(4,t)=u,(/,t)=¢,(t),0<t<h,

mo U (X,t)=u,(x,t).

Paccmorpum pynkmmo J(X,t) =u,(x,t)—u,(x,t). Oyaxmus J(x,t) s.-

JISIETCS PEIICHUEM OAHOPOJHOTO YPaBHEHHS TEIUIONPOBOIHOCTH B 3TOH 00Ja-

ctu D:

@ — a2 62_'9

ot  ox?’

9(x0)=0,0<x<0, H(0.t)=8(¢t)=0,0<t<h,

Hano mokasarh, 4TO OJHOPOJHOE YPABHEHUE C OJHOPOJAHBIMHU YCIOBUSMHU
MMeeT TONBKO TPUBHANBbHOE (TO €CTh PaBHOE HYNIO) pemeHue. Jnsd mokasa-
TCIBbCTBA 6y,HeM HNCITIOJIB30BAaAThH HpI/IHHI/IH 3KCTpeMYMa.

[To mpuHIMITY SKCTPEMyMa MaKCUMAJIbHOE M MUHUMAJIbHOE 3HAYeHNE (YHKIMH
9(x,t) mocruraercs Ha rpanuue npu t =0, wim npu X=0, uau opu X =/,

(x,t)e D,

OnHaKo, 10 YCIOBUIO MbI IMEEM:

Hx0)=0,0<x</, 90,1)=9(/,t)=0,0<t<h
[Mostomy J(Xx,t)=0, To ectb U;(X,t)=U,(X,t). Orcroma ciienyer, 4To perie-
HHE IIEPBOM KpacBOM 3a1a4u ¢IMHCTBEHHO.

Teopema 2 nokazana.

10.3. YCcTOMYMBOCTDL pellleHusI MePBO KpaeBoH 3a1a4u ISl YPaBHe-
HHS TENJIONPOBOIHOCTH.

W3 mpuHIHa SKCTpeMyMa BBITEKAET

Caencrue 1. Eciu 0nsa 08yx peuieHuil ypagHeHus menionposooHoCcmu
U (X,t) u u,(X,t) umeem mecmo nepaserncmeo
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Uy (x,t)—uy(x,t) <& omat=0,x=0,x=1¢,
mo
U (x,t)—uy(x,t)<e
ModAHCOEeCmMeeHHo, mo ecmvb umeem mecmo 0 eécex X,t: 0<x</,0<t<h.

CnenctBue | Mo3BOJISIET YCTAHOBUTH YCTOMYMBOCTh PEIECHUS 3aJa4d, TO
€CTh HENPEPHIBHYID 3aBUCUMOCTb PEIIEHUS IME€PBOM KpaeBOW 3adadydl OT
HAYAJIbHOTO Y TPAHUYHBIX YCIOBU.

B camowm nerne, ecim U (X,t) 1 U,(X,t) pemmeHus ciaeayronmx 3a/1a49:

2

o P +f(xt), (xt)eD, =3 = + f(x,t),(x,t)eD,
u(x0)=17(x),0<x</, Uy(x0)=7#(x),0<x< Y,
u(0,t)=¢(t),0<t <h, U,(0,t)=¢(t),0<t<h,
U(£,t)=p,(t),0<t<h u,(£,t)=g;(t),0<t<h

U BBIIOJNHEHBI  YCIIOBHS 7(x)—7*(x) <&, ‘gol( X)— (X )‘ <g,

2(X)=g3(x) <&, 10
V(x,t)eD: |u(x,t)-u(xt)<e.
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11. Pemienue nepBoii KpaeBoil 3a1a4M 1JI1 YPABHEHUS TeIJIONPOBOAHOCTH
MeToa0oM Dyphe.

3ajaya 0 pacrpoOCTPAaHEHUH TeIlIa B CTEPKHE JJIMHBI { TPUBOJUTCS K HAXOXK-
JICHUIO PELICHUS YPABHEHUS

u, =a’u, + f(xt) (11.1)
B oomactn D={(xt):0<x</,0<t<o0}, ymOBIETBOPAIOLIErO HAYAILHOMY
YCIIOBHIO

u(x0)=r7(x),0<x</ (11.2)
¥ TPAHUYHBIM YCIOBHAM

u(0,t) =g (t),u(/,t)=p,(t),0 <t <+oo. (11.3)
11.1. CBenenue 3a1a4M K OJHOPOAHBIM IPAHUYHBIM YCJIOBHUSM.

BBeneMm 3amenn nckoMoit pyukmuu U( X,t) mo dopmysie

wxira%mn+¢aw+§[%u»—%un, (11.4)

rre $(x,t) — HoBas  wHemsBectHas  QyHkumms. Tak  kak U, =

! X ! !/
=191(X,t)+(/)1(t)+z[¢z(t)—¢1(t)]. Uy = Fr T0 dynxums H(X,t) ynosie-
TBOPSIET YPABHEHUIO:
9 =a’9,, + f,(xt) (11.5)

pe f,(xt)= ()= i(1) = [o5(1) - pi(D].

N3 (11.2) u (11.4) umeem, uto
I(x,t)=17,(x), (11.6)

rae 7,(X) = r(X)—¢1(0)—§ [#,(0)—¢,(0)]. Hanee u3 (11.3) u (11.4) caenyer,
4TO
9(0,t)=0, (£,t)=0,0<t < +w.

Takum o0Opa3oM, AOCTAaTOYHO HaWTH peuieHue ypaBHeHus (11.5), yaoBierBo-
pstoliee HaYaIbHOMY YCI0BHUIO (11.6) 1 OHOPOJHBIM I'PAHUYHBIM YCIOBUSIM

9(0,t)=0, &(¢,t)=0,0 <t < +oo. (11.7)

11.2. Pemienue 3aJa4u I OAHOPOJHOIO0 YPABHEHHUS C OJHOPOJAHBIMHU
rPAHUYHBIMH YCJIOBUSIMU.

Chauaia HaﬁﬂeM PCHICHUC OAHOPOAHOI'O YPABHCHHUA
9 =a’g,, (11.8)

YIOBJIETBOPSIIOLIEE HaYaIbHOMY yCiIOBHIO (11.6) 1 OTHOPOAHBIM T'PAaHUYHBIM YCIIO-
BusiM (11.7).
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Kak u B ciydyae BOJIHOBOTO ypaBHCHHS, OyJeM HCKaTh pEIICHHE YpaBHCHHS

(11.8) B Buze mpousBeaeHUs ABYX (DyHKIHIA

J(x,t)=X(x)T(t), (11.9)
OJIHAa M3 KOTOPBIX 3aBUCHUT TOJIBKO OT X, a Jpyras — Tojbko oT t; mpuuem X(X) =0 u
T(t)#0, u6o B mporuBHoM cirydae FH( X,t) =0, uro HeBo3MOKHO: pyHKIUS F =0
HE YJOBJIETBOPSET HadalbHOMY YycioBHUIO (11.6), mOCKONBKY Mpesronaraercs, 4To
7,(x)#0.

B cwty rpanmunbix yeioBuid ¢pyHKIMS X (X) IT0oMKHA oOpamiatbes B HYJIb Ha
koHmax wHTepBaia [0,/]: X(0)=0, X(¢)=0. IToxcrasnss (11.9) B (11.8), moiy-
-I; (t) = X(x) =—-A. Orcroja 3aKkiro4yaem,
aT(t) X(x)

yro pyukmuu X(X) m T(t) MOMKHBI OBITh PEHICHUSIMH OJHOPOMHBIX JTHHEHHBIX

gum X (X)T'(t)=a’*X"(x)T(t) wm

auddepeHunanbHbIX YpaBHEHUN

X"(x)+AX(x)=0 (11.10)
T'(t)+a?AT(t)=0 (11.11)
HenyneBbie pemenust ypaBHenust (11.10) cymectBytor Tomeko npu A =A,, rae

n

2
Ay = (7) (n=12,.), npuyem B Ka4eCTBE ITUX PELIEHUH MOXKHO B3ATh (DYHK-

14171 Xn(X)z\/%SinﬂT;]X (n=12,.). 3amensas B ypasuenuu (11.11) 1 na

A, TIOITy4aeM ypaBHEHHE

arzn

2
Tn’(t)+(7j T, (t)=0.

azn 2
25t
0

CTOsIHHasA, COOTBCTCTBYIOIIAA B3ITOMY 3HAUYCHHUTO n.

[Moncrapmsist Hainennsie 3HaueHnst X(X)= X, (X) u T(t)=T,(t) 8 (11.9),
noJiyquM perieHue ypasaenus (11.8) B Buze

Ero oOuum pemenueM Oyner Tn(t) =C,e , e C, —npousBonbHas mo-

_ arzn 2'{
un(x,t):Cn\/%e( fj sin%]x (n=12,.) (1112

Kaxnas n3 dynkmmii (11.12) ynoBiaeTBOpsieT TpaHUYHBIM YCIOBUSIM. MOKHO TOKa-
3aTh, YTO PYHKIIUS
arzn 2

2.2 . - t . 7zn
u(xt)= ZZCne ( ! j sm%x (11.13)
n=1

TOXE sIBIsieTcs peueHueM ypaBHeHus (11.8), yaoBieTBOpSIOMIUM IPaHUYHBIM YCIIO-
BUSIM.
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Beioepem Tenepp kodbdunuentst C,  Takum 00pa3om, uTOObI (QyHKIIHSA

n
(11.13) ynosierBopsuia ¥ HadanbHOMy yciaoBuio (11.6). IMomaras t=0 B (11.13),
HOJTY4YUM

7,(X) = gZCn sin“ " (11.14)
En:]_ (

UssecTHO, uto ecnu Gyukius f(X) pasinoxima B paBHOMEPHO U aBCONOTHO
cxomsmmucs psag Oypobe 1o cuaycam

f(x)= b sin”x. (11.15)
n=1 l
2 .7h
TO bnzzjf(X)SIHTXdX. CpasumBas (11.14) u (11.15), Buamm, uTO
0

2 2| 7N

b, = \ECn , To ecth C, = \EJ 7,(X)sin 7[7 XdX, 4em u 3aBepraeTcst pelieHue 3a-
0

avm.

11.3. Pemienne 3axa4um 1Jisi HEOJAHOPOJAHOT0 YPABHEHUSI.

PaCCMOTpI/IM HCOOAHOPOOAHOC YPABHCHHUC TCILJIOIIPOBOAHOCTH
u, =a’u, + f(xt)
C Ha4YaJIbHBIM YCJIOBUCM
u(x0)=0
H I'PaHUYHBIMU YCJIIOBUSMUA
u(0,t)=0, u(/,t)=0.

Perrenue 3amaun Oynem uckaThb B Buje pana @ypoe no coOCTBEHHBIM (DYHKIM-
..zrhn
am {sin— x }:
!
X . n
u(x,t)= Zun(t)sm”—x.
n=1 4
Ipencrasum Qpynxmuio f(X,t) B Buge pana
> . n
f(x,t)= f (t)sin’—x,
n=1 f
e
2 . 7N
fn(t)zzj. f(§,t)sm7§d§.
0

Torna penieHue 3a1a4n NpeaCTaBUMO B BUJIE
o | t 2
u(x,t)= Z{jexp[— (ﬂ—nj a’(t —n]fn(n)dn} sin ET;] X

n=1 o 1
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IIpumep 1. Halitn pelmieHne ypaBHEHHs TEIUIONPOBOAHOCTH U; = azuxx IIpU
rpannanbix yenosusx U(0,t) =0, u(/,t)=0 u HavaasHOM yCIOBHH

9 s l
X, anee 0£x<5,
u(x0)= )
(—x, afieé — <x< /.
2
Pewenue. Pemenue onpenensercs: popmynoit
az;rznzt

12

2 & . 7NX
u(x,t)=,/—>C.e SINn 7 , tne C,, BBIUMCISIETCS TI0 popMyam

% |
o =\E [ xsin 22 dx+ [ (0= x)sin T dx |,
v ¢ /

Boruucss HWHTETPAJIbI, ITIOJTYYUM:

% . ThnXx 0? n /> . zn
[ xsin=—=dx=- COS— +——sin—,
0 14 27N 2 7°n 2
| 2 2
j(z—x)sin”—nxdx: £ cos®Ny f 2sin”n.
/ 27N 2  7°n 2
bz
et
CKHaI[BIBaH BBIYUCJICHHLIC I/IHTCFpaJIBI HaI/II[CM qTo C 2 2 TaK KakK
7N
(202 (-
sinzn=0,tou C,, =0. Manee umeem C =
2n il 2n-1 > (n-1)
Pemenue 3anauu 3anmmercs Tak:
/ . n2a2(2n—1)2t B
u(x,t)=(2€) 3 (-1 pi Lo gpFen=1),
z° (2n-1)? !
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12. 3agauu Ha 6eckoHeuHOH npsimoii. Pynkuus ['puna

12.1. ABTOMOE/ILHOE pPellieHre YPABHEHUsI TEIJIONPOBOIHOCTH.

3agada o pacrpeieIEHUd TEMIIEPATypPbl B HEOTPAHUYEHHOM OJIHOPOTHOM
CTEpKHE OMUCHIBAECTCS YPABHEHUEM TEIUJIONPOBOJHOCTH U HAYAIBHBIM YCIIOBH-
eM (3amaua Komm aJ1st ypaBHEHUS TEIIONPOBOIHOCTH).

3apava Komm. B gepxueii nonyniockocmu Haumu peuieHue ypasHeHus

a’u, —u, =0, (10.1)
yoosnemeopsouee HauaibHOMY YCI0B8UIO
u(x0)=r7(x),—o<X<ow. (10.2)
PaccmoTpum cHavasa 4acTHBINA Cly4ald HA4allbHOTO YCJIOBUS B BUJIE
{O, -0 < X<0,
u(x0)=17(x)= (10.3)
1,0< X< o0,
Pemenue 3agauu OyieM UCKaTh B BUJIE:
u(x,t):f(z),z:tla,aeR (10.4)

1 o

Tak Kkak ZX:Z_(Z’ Zt:m
t t

X, TO uXX:f”(z)-tia, ut:—%zf’(z).

TyyHayiaapeid acenten (10.1) Teraemere KoHcoK, TOMOHKY OapabapAbIK KEJHII
YpITaT

" 1 a !’ 1 1 14 a !
a’u, —u, =f (z)-tz—a+Tzf (z):{tm_1 f (z)+?zf (z)]

Ecnu OZZE,TOZ
2
t(2)+—— £(2)=0 (10.5)
2a

IMycte f'(z)=6(z), Torna u3 (10.5) umeem 0'(z)+2i29(z)20. Paznensas
a

do(z)  z
0(z)  2a?

MIEPEMEHHBIE, TIOJIYYUM . aTerpupys 310 ypaBHEHHUE, HalIEM

2
2 z

|n‘9(2)‘=—42?+|nC1,C1>0. Otcrona umeem 6(z)=Ce 4a2,CeR. Cre-

JIOBATEIIBHO,

ZZ

f'(z)=Ce **. (10.6)
N3 (10.2) nosyunm ycnoBus
f(—0)=0, f(+0)=1 (10.7)
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HNuterpupys PaBEHCTBO (10.6) OT — 0 110 Z UMeeEM
§2
; _ 5

f(z)- f(—0)=C je 4a’ d&. Ecnu yuects niepBoro yciosust (10.7): f(—«)=0,

é;Z
Z =2
to f(z)=C je 4a"d¢& . Ecomm yuects BToporo yciosust (10.7): f(+0)=1, TO

+oo ——2—
f(+0)=1=C f e 48 d&. BBeas 3ameHy 25 =s. Torma & =2as,d& =2ads.
a

—00
+00

ITosTroMy mpenpiaymee paBeHCTBO mpumer Buna 1= 2aC j e -sf ds. Tak kak
Tesds=r C=_F7 T 6

e Ss=~r, TO — . aKUM oOpasom,
o 2a~/ P

2

f(z)= e4ad Bsens 3amMeH i—S TTOJTYIUM
(2) afj ¢. Been Y 5a yd

22
f(z)=% [e*'ds

Torna B crity (10.4) monyunm pemenne 3anaun Komu (10.1), (10.3) B Buze

X 1 2a+t 2
\/_ =7 [ e*ds (10.8)

Oynxyus (10.8) nazvieaemcs asmMomMoOenbHbIM peuleHuemM YpPasHeHUs.
Mmenionpo8ooOHOCHIU.

u(x,t)=f(—=

12.2. dynpameHTA/IbHOE pellleHre YPABHEHUs TeNJIONPOBOIHOCTH.

HNurerpan (10.8) MoxHO 3anucaTh B BUJE
X X

1 0 ) Tﬁ 2 1 1 ﬁ 9
u(x,t):ﬁje‘S ds+ﬁ [ e ds:5+ﬁ [ e*ds
—00 0 0

2
Ecim BBenmem QyHKIHIO @(Z):T j e ° ds, Tak Ha3bIBaEMOE MHTErPaIoOM
T

BEPOSTHOCTH (MM MHTErpajioM ommook), To pemienue (10.8) 3amuimiercs B BU-
ae

u(x,t)= ; (10.9)

X
2a+t )
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[TpousBoas quddepeHnupoBanmne, HaX0 UM

X2

1 T a2
u (xt)=—>-——e 4t 10.10
()= It (10.10)
3ametum, uro ¢yakuus (10.10) taxxke sBusercs pemenneM ypaBuenus (10.1).
[TosTomy ¢yHKITHIO

X2

1 T2
U(x,t)= e 4at (10.11)
2a./rt
4acTO Ha3bIBAIOT (DYHIAMEHTAIBHBEIM PELICHHEM ypaBHEHHUS TEILJIOMPOBOIHO-
CTH.

12.3. Pemrenue 3agauu Komim.

C momompio ¢pynaamentanbHoro pemenus (10.11) pemenne 3amaun Ko-
1Y TIPEICTaBUMO B BUJIE

(x=¢)°
u(x,t)= [U(x-¢ t)f(g)dg_z \/_jr(é:)e 4a’t ge o (10.12)

B camom nene, ¢pynkuus (10.12) ynoeneTBopsieT ypaBHEHHUS TEIIONPO-
BOHOCTH, TaK Kak a°U (X —&,t) -U,(x-¢,1)=0.

Tenepp nokaxkem, uro ¢ynkius (10.12) ynoBieTBopsieT HadyaabHOMY
ycioButo (10.2). [l 5Toro BBEIeM 3aMEHY

;_ﬁzs. Torma & = x - 2a4/ts, d& = —2a./tds. Ipu & = —0 uMeeM S =0, a
a

npu & =00 uMeeM S = —oo. [1lo3ToMy HMHTErpan MOKHO 3anucaTh B BUJE

\/» jr(x 2a/ts )e "5 (-2 )a,/t ds —% [7(x - 2avts)e " ds

T _»
Orcrona, nepexons k npeneny npu t =0 u yuursiBas popmyiy Ilyaccona ume-
cM

u(x,t)—

1 e 0]
u(x0)= [z(x)e*ds =7(x)—=— je‘sds—r(x) r =1(X).
N ) 7
STO 03HA4YacCT, 4TO HAYAJIbHOC YCJIOBHUC BBIIIOJIHACTCA.

12.4. ®yukuus ['puna 119 0€CKOHEYHOU MPAMOM.

OyHKIUA
_(x=¢)?
4a’t (10.13)

G(X’t;g,n):U(X_ec’t_n):28.\/72'1-1:7—77)6

HazbiBaeTca ¢GyHKiuend ['puHa ypaBHEHHUS! TEIUIONPOBOJHOCTU JJIsi OECKOHEU-
HOU MPSIMOU.
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Ota QyHKIUS 1O NEepeMEHHbIM X,t yIOBIETBOPSET YpaBHEHUIO TEIIO-
MTPOBOJHOCTHU

a’G (X.1;&,7)-G(x,t;£,7)=0,
a 10 MepeMEHHBIM &,77 YIOBIETBOPSET CONPSIKEHHOMY YPAaBHEHHUIO TEILIONPO-
BOJIHOCTHU

a’Ga(X,;£,m)+G, (x,t;£,17)=0.
Pemenue 3agaun Ko yepe3 ¢pynkuuu ['puHa 3anuiuercs B BUAE

u(x,t)= TG(x,t;cf,O Y(&)dE. (10.14)

12.5. ®ynkuus I'puHa 11 KOHEYHOT0 OTpe3KaA.

®dynknus 11 koneuHoro orpeska [0,/ ] umeer Buj
(x=&-2n¢)? C(x+&-2n1)?
4a’(t-n) _g 4a’(t-n)

1 =
G(xt;&n)= e
T 2a«\/ 7T(t -n n:z—oo
Pemenne nepBoii KpaeBou 3aa4u ISl YPaBHEHUS TEILIONPOBOIHOCTH:
a’u,, —u =0,0<x</¢,0<y<h,

u(0,y)=ei(y), u(f,y)=p,(y),0<y<h,
u(x0)=7(x),0<x</

AMEET BUJ

u(x,t) =[G (x,t;0,7)py(n)dn =[G (X,t; £,17 )@, (17 )d1p +
0 0

+[G(X,t;£0)r(£)dE.
0
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13. 3apgaumn, npuBoAsiIMe K ypaBHEeHMIO uinntuyeckoro tuna. Ilocra-
HOBKA BHYTPEHHHUX M BHELIHHUX 3aJ1a4.

13.1. 3agaum, npuBoAsinHe K YPABHEHUIO I THYECKOT0 THIIA.

[Ipu uccnenoBaHuM CTAIMOHAPHBIX MPOLIECCOB Pa3IMYHON (HU3NUECKOMN
PUPOIBI (KoJIeOaHusI, TeIIIOMPOBOAHOCTD, MU(PDY3Us U Jp.) OOBIYHO TPUXOIAT
K YPABHEHUSAM JIUTUIITHYECKOTO TUIIA.

1). Cmayuonapnoe mennogoe none. TemnepaTrypa CTallUOHAPHOTO TEILIO-
BOT'0 TOJIE YAOBJIETBOPSET ypaBHEHUIO Jlamiaca

Au=u, +u, =0, (13.1)
0°  o°
rae A =——+ —— - oneparop Jlamnaca.
ox* doy°

[Ipy HaMWYUKM MCTOYHHUKA TEIUIa IMOJIYy4YaeM HEOJHOPOJHOE YpPaBHEHUE

Jlarutaca
Au=uUy +Uy, = F(XYy), (13.2)

KOTOpO€ Ha3bIBaeTcs ypaBHeHHeM [lyaccona.
2). llomenyuanvnoe meuenue owcuoxkocmu. PaccMOTpUM CTalMOHApHOE
TEUYEHHE HEC)KMMAIOIIEe KHUAKOCTH (IUNIOTHOCTh p = CONSt), XapakTepuzyemoe

ckopocthio O(X,Y). Ecium TedeHue >KHUAKOCTH HE BUXPEBOE, TO CKOPOCTh
O(X,Y) sBISIETCS MOTEHIIUAIBHBIM BEKTOPOM, TO €CTh

0p; 007
ox oy’

rae @(X,Y) - ckanspHas QYHKIHS, Ha3bIBagMasi IIOTSHIIMAJIOM CKOPOCTH.

o(x,y)=—gradp(x,y) = -

Ecmn OTCYTCTBYIOT HCTOYHUKHU, TO

2 2
ox\ ox ) oyl 0y ox° 0y

NJIn
’p %p
— = 0
oxX: 0Y
CrenoBarellbHO, TOTEHUHUAT CKOPOCTH  YAOBJIETBOPSET YPABHEHUIO
Jlamaca.

13.2. IlocTaHOBKAa BHYTPEHHNX ¥ BHELHHUX 3a/1a4.
Paccmotpum obnacte D, orpannuenHoil 3aMkHyTOM KpuBoM /. 3amaua
O CTallMOHAPHOM pacmpenelieHnn Temreparypsl U(X,Y) BHyTpu obmactu D

GopMyupyeTcs Kak ClIeAyIOIIUe KpaeBblie 3aauu.
IlepBasi BHYTpeHHsASA KpaeBasi 3aAa4a. Haumu gyuxyuro U(X,Y), yoo-

enemeopsaowyio enympu oonacmu D ypaenenuro
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Au=f(x,y) (13.3)
U 2PAHUYHOMY VCIOBUIO
u(x,y)lr-=e(x,y). (xy)erl’, (13.4)
ede @,(X,Y) - 3adannas ¢ynxyus.
DTy 3aJlady 4acTO Ha3bIBAIOT BHYTPEHHEW 3a1aueit [(upuxie.
Bropasi BHyTpeHHsIsI KpaeBasi 3aga4a. Haumu gyukyuio U(X,y), yoo-

enemeopsowyio enympu oonacmu D ypaenenuro

Au=f(x,y) (13.3)
2PAHUYHOMY YCA0BUIO
QXY o, (xy) (xy)er,  (135)
on |.
ede @,(X,Y) - 3a0annas pyuk- 4 yus,
ou Y
—— - NPouU3800HAs NO BHEUlHell
on r
Hopmanu K kpueou 1. D
DTy 3ajayy 4acToO Ha3bl- Ba-
0T BHYTpEHHEW 3amaudeit Heii- Ma-
Ha. ) y >
Tperbsi BHYTPEHHSS Kpa-

eBasi 3ajada. Haumu ¢ynkyuro
u( x,y), yoosremeopsirowyio suympu oonacmu D ypasnenuio

Au=f(x,y) (13.3)

CPAHUYHOMY YCIIOBUIO

(—au(x’y)+hu(x,y)j
on

ou .
ede @,(X,Y) - 3a0annas ¢ynxyus, an NPOU3BOOHASL NO BHEUIHEl HOPMATU K
n

=o3(x,y). (xy)el’,  (13.6)

r

Kkpueou 1.
ITycte D, - o3Hadaer BHEWIHIOK 00JACTh MO OTHOLICHUIO K 3aMKHYTOMN

kpuBoil /. Eciu pelieHue ypaBHEHHUs MILETCS BO BHemHeW obnactu Dy, To

3a]1au1 Ha3bIBAIOTCS BHEIITHHMH.
IlepBasi BHelIHsIsA KpaeBas 3axava. Haumu ¢gynuxyuio U( X,y ), yoosre-

meopsowyio 60 enewinel oonacmu Dy ypasuenuro
Au=Tf(x,y) (13.3)

CPAHUYHOMY VCAOBUIO
U(X,y)lF:Q)l(X,y),(X,y)EF, (134)
20e ¢;(X,Y) - 3a0annas ynxyusi.
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DTy 3a1a4y 4acTO Ha3bIBAIOT BHEIIHEW 3anauei upuxie.
Bropasi BHemrHsisi KpaeBasi 3agava. Haumu ¢ynxyuro U(X,Y), yoose-

meopsiowyio 60 eneuwneu oonacmu D, ypasnenuro
Au=f(x,y) (13.3)
CPAHUYHOMY YCI0BUIO

I gy xy)er, @39

ou .
ede @,(X,Y) - 3a0annasn ¢ynxyus, 8_ - NPOU3BOOHASL NO BHEUIHEel HOPMATU K
n

kpusou 1.
DTy 3aJ1a4y 4acTO HA3bIBAIOT BHEIIHEW 3a1aueii HelimaHna.
Tperbsn BHemHsAS KpaeBas 3axava. Haumu gyuxyuio U(X,Y), yoosre-

MmeopArwyo 60 éHewHell oonacmu D ypasnenuio
Au=f(x,y) (13.3)
CPAHUYHOMY YCIOBUIO

(M_Fhu(x’y)J
on

ou .
ede @,(X,Y) - 3a0annasn ¢ynxyus, 8_ - NPOU3BOOHASL NO BHYMPEHHEel HOPMA-
n

=p3(X,y), (x,y)el’, (13.6)

r

Ju K kpusou 1.
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14. ®dynpamenTaibHOe pemienue ypaBHenus Jlamiiaca. I'apMoHnuyeckue
(GyHKIMM U UX CBOMCTBA.

14.1. ®dynnameHnTanbHOE pelieHue ypaBHenus Jlaniaca.

[Ipu pemenuu psina 3anay ypaBHenue Jlarmiaca 3anuchIBalOT B MOJISIPHOM
CUCTEME KOOPJAMHAT, OnpeesieMble 1Mo (GopmyIie

X=pC0s@,y=psSinp,0<p<wo, 0<p<2rx. (14.1)
Torma u(Xx,y)=u(pcose, psing)=33p,p). Tak kak X,=C0S@Q, X, =
=—psing, y,=sing, y,=pCcosg, 10 J=X,y,-X,Y, = p?. Ecmu p#0,

TO 3aMEHa MEePEMEHHBIX HEe 0COOCHHA, U CYIIECTBYET 0OpaTHOE MpeodOpa3oBa-
HUE, IPEICTABUMOE B BUJIC:

p=~x>+y?, tg(p:¥ (14.2)

HerpynHo 3aMeTUTh, 4TO

2 2
X y y X
Px="1 Px="3:Py =" Py ="73 (14.3)
R P A s
Ecnu nuddepennupyem no X v no Yy cooTHolieHue tgep = X MMEEM
X
12 @Oy = —lz, L ——— @y = 1 Otcrona c yuerom (14.1) Haitnem
Cos“ ¢ X cos® ¢ X
oy 2Xy X 2%y
(DX__?7¢XX_?’(Dy ?vgpyy__?- (14.4)
Bocnons3ysice hopmynoi auddepeHnmpoBanns CI0OKHON QYyHKITUNA UMe-
EM.
Uy =U,0x +U,0y, Uy =U,0y +U,0,,
Uyx = Upplo)% + zupgoloxg”x + Ugogoq)f TU,Ppx T 19¢§0XX =
2 2 2
X 2X ’
v p__z_yupw t Upp y4 U, y3 + 5 3y
P P P P P
Uyy = Uppps + 20,0, PyPy + U¢¢¢)2/ TUPypy U¢¢§ -
2 2 2
B y Xy X X 2Xy
_Upp?_zp_upw tU, 0 U, 0’ Uy 0°
Torna
1 1
Dyy + Uy :Qpp +9¢p?+8p;=
1 1 10 ( agj 1
=9 _ +—9 +—=8,  =— 0 +—39
w5 52 hapPap ) p2 e



Takum oOpaszom, ypaBHeHHE Jlarutaca B MOJIAPHOM CHCTEME KOOPJWHAT 3allv-

IIeTCS B BUJIE:

1 10°

AUZ—i[an]+ Vg, (14.5)
pop\" op) p°op

Bbynem uckath pernrenne, 3aBucsinee Toiabko oT o v(p,@)=W(p). Tormna u3

(14.5) HOJy4yuM  OOBIKHOBeHHOe  auddepeHIManbHOE  YpaBHCHHE

d dw
—| p—— |=0. UuTerpupys 310 ypaBHEeHUE TIO P , Oy/IeM UMETh

do\" dp
pd—W =C,. Torma dw = & [lepenumem sTo ypaBHeHue B Buae dw =C, d_p
d do p P

OTcro1a mocjie UHTETPUPOBAHUS TI0 O , TTOTYIUM

w(p)=N,Inp+C,,C,,C, =const.
[Tycts C; #0. Toraa 3To pemienue umeeT ocooeHHoctu pu p =0 u sBasiercs
CUHTYJIIPHBIM perieHueM ypaBHenus Jlammaca. Beibupas, C; =-1,C, =0 Oy-
JIEM UMETh

U(p,(p)=|nl. (14.6)
e,

Pemenne (14.6) Ha3piBaeTcs pyHIaMEHTAIBLHBIM pPEIICHUEM ypaBHeHuUs Jlarma-
ca Ha IJIOCKOCTH ([J1s1 IBYX HE3aBUCUMBIX MIEPEMEHHBIX ).

14.2. 'apmonuveckue pynkuuu. Y ciaopus Komu — Pumana.

Becbma 00IIMM METOJIOM pEIICHHS IBYMEPHBIX 3ajad JUIsl YpaBHCHHS
Jlammaca sSBISI€TCS METOJI, MCITOJIB3YIONUH (DYHKIIUH KOMILIEKCHOTO IepEeMEH-
HOTO.

[lycTth

w=f(z)=u(x,y)+io(x,y)
- HeKoTopast GyHKIUS KOMILJICKCHOTO IMTEPEMEHHOr0 Z = X + 1y, mpuuem U( X,Y)
u 0U(X,Y) SABISIOTCS BELICCTBCHHBIMH (DYHKIIMSIMH ITEPEMEHHBIX X U Y .

Oynkumst f(z) Ha3pBaeTCS aHATMTUYCCKOM, €CIM CYIISCTBYET MPOM3-

BOJHAS
d_W: lim Aaw _ lim f(z+A4z)-1(2)
dz 4250 Az 4250 Az

[Mpupamenne AzZ=AX+14Yy MOXET CTPEMUTHCSA K HYJII0 MHOIMMH CIIOCO0a-

mu. Opnnako, ecmu  ¢Gynknus  f(z) anamuTudeckas, TO — Tperen

AT ,
lim — = f'(z) ue 3aBucur ot BEIOOpPA MyTH.
410 AZ
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HCO6XO,Z[I/IMI>IMI/I U A0CTATOYHBIMHU YCIOBUAMU aHAJIUMTHUYIHOCTHU (bYHKHI/II/I
SIBJIIAIOTCA TaK HAa3bIBACMbBIC YCIIOBH:A Komm — Pumana

U, =0v

y ]
(14.7)
Uy =—0,.
Ecnmm gyHKIMs B HeKoTopoit oomactn D mutockoctu Z = X + 1y aHAJIMTH-

gecKas, TO B 3TOW 00JJACTH MMEET MPOU3BOIHBIE BCEX MOPSIIKOB M pasiaracTcs
B CTETICHHOM P,
B yactHocTH, Mg Takor ¢yHKimu U(X,Y) B 0(X,Y) HMEIOT MPOU3BO/I-
HbIE 2-TO TIOPSIAKA IO X U Y.
Juddepenunpys nepBoe paBeHCTBO (popmyisl (14.7) mo X, a BTopoe 1o
Yy, IOJTYYUM:
Uy +Uyy, =0 i Au=0
[TomoOHBIM ke 00pa3oM, MEHsS HOpSAoK auddepeHIMpoBaHus, HAXO-
UM
Uy T Uy, =0 mm Av =0

Takum o0pa3oM, JEHCTBUTCIbHAS W MHHMAas YacTH  aHAJIUTHYCCKOMN
(YHKIIMH YIOBIETBOPSIOT ypaBHeHHUIO Jlammiaca.
OObIgHO TOBOPAT, uTo U(X,Y) U 0(X,Y), YIOBICTBOPSIOIINE yCIOBUIO

Komm-Pumana, sIBISIOTCS CONPSHKEHHBIMU TAPMOHHUYECKUMH () YHKITASIMHU.
Onpenenenne 1. @yuxyus U( X,t) masvieaemcs eapmonuueckoi 6 oona-

cmu D, eciu ona

1) Henpepwvigna 6 3moti obacmu emecme co CGOUMU NPOUBOOHBIMU 00 2 -
20 nopsoKa,

2) yooenemesopsem ypasnenuto Jlannaca.

14.3. UHTerpajibHoe npeacTaBjIeHne TAPMOHUYeCKUX (PyHKIMIA.

B o6nactu D, orpaHnyeHHON 3aMKHYTOM KpUBOU [/, paCCMOTPUM YypaB-
HEHUE
Au=f(x,y) (14.8)
IIycte 0(X,y)eC?(D) mpousBoisHas (YHKIHs. PaccMOTPHM BBIpaXKEHHE
vAU 1 TIepedpoCHM MPOU3BOIHBIC OT U Ha U
LUy, = (qu )x —UOUy = (qu )x _(Uxu )x T OLU = (qu — LU )x T OLU,
vu,, =(vu,), —vu, =(vu, ), —(v,u), +ov,u=(vu, —oU), +v,U.
Torna vAu =(vu, —v,u), —(v,u—vU, ), +Udv um
vAU —udv =(vu, —v,u), —(vu—-ouUy), (14.9)
Nurerpupys Toxaectso (14.9) no obnactu D numeem
H(UAU —udv)d&dn = j(Unu —vu, )d& +(vu, —vU)dn.
D r
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Ecmu yuects pasencrsa v,dS—uv.dn :Z—U, u,dé—u.dp zg—u, TO W3 TIPEJbI-
n n

AYyIIEro paBeHcTBa noayaum dopmyny ['puna:

ﬁ(uAu udv)dédn = j( ——uS—“jds, (14.10)
n
ou ov
rje o an MPOU3BOAHBIC MO HAIPABJICHUIO BHEIIIHEW HOpManu K /.
Teopema. Echu D - nexomopas xouneunas obnacme ¢ KycoOYHO-21A0KOLU
epanuyerl r, QdyHrkyus u(x,y)eCi{(D)nC?(D), a

v(p,p)=In L , P = \/( X—& ¥ +(y- n )% - pynoamenmanvroe pewenue ypas-
yo,

nenusi Jlannaca ¢ napamempuueckou mouxou (£,n)e D, mo umeem mecmo
uHmezpanibHoe npedcmaeﬂeHue

I(é‘U(f ) 0 L

u(x,y)=

on —u( ¢, n)—lnpjds—

27

. . (14.10)
——|{In=Audédn.
27zIDI p &dn

14.4. IIpyuHIMI IKCTPEMyMaA.

Teopema (Ilpunuun 3xcTpemyma). Ecau ¢ynxkyus U(X,Y), onpederennas u

Henpepuvlehas 6 3amknymotl oonacmu D = D U I, yooeremsopsiem ypaeuenuio
Jlannaca AU =0 enympu D, mo maxcumanvHvie u MUHUMAIbHBIE 3HAUEHUS

@yuxyuu U( X,y ) docmuearomes na epanuye I .
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15. Metoa pyuxkuuu I'puna nus 3agaum JAupuxie. Ilpuanun sxkcTpemyma.

15.1. Metoa ¢pynkuuu I'puna nas 3aaauyu Iupuxie.

B o6nactu D, paccmotpuM 3anauy Jupuxiie qis ypaBHenus Jlamaca:
Au=u, +u, =0 (14.1)

u(X,y)|,—=g0(X,y),(X,y)eF (142)
[Tycte v(X,Yy) - pemenue 3axaun Jupuxie misg oonactu D ¢ kpaeBbIM ycCiio-
BHUEM

Av =0,y + Uy, =0 (14.3)
U(X,y)lF:U(X,y)lj— (144)
Onpenenenne. Qyuxyus G(X,y;E,n), onpedensiemas pageHcmeom
1
G(x,y;g,n)=—In;+u(x,y;§,77), (14.5)

20e p= \/( x—E) +(y—n)?, nasvieaemes pynryueii I'puna.

Oynakums ['puHa 11 3agaun Jupuxiie o61agaeT CASAyIOIMMHA CBOHCTBaAMU.
1°. Yoosnemesopsiem ypasnenuro Jlannaca:

Ax)(G)=Gy(X,y;8,m)+Gy(X,y:m) =0,
A (G)=Cg(Xy;Em)+G,,(X,y:5,m7)=0;
2° O6naoaem ceoticmeom cUMMempuu, me ecmo

G(x,y;6.1)=G(S.1:%,Y);

3% Ha epanuye I" obnacmu D obpawaemcs é Hynob:

G(x,y;&m)|-=0.

N3 gopmyinsl (14.10) ¢ nomoupto pyHkuu ['prHa MonyyuM pelieHue 3aiauu

Jlupuxie B BUze

u(x.y)= 1 [O8RYie ) e g (14.6)

27 1 on
Mgl GyeM MCKaTh pelleHre KpaeBbIX 3a1ad I MPOCTEHIINX 00IacTeil MeTo-
JIOM pa3jeCHUsl TMepeMEHHbIX. PeleHue KpaeBbIX 3a7ad Ui ypaBHEHUS
Jlammaca MoOKeT OBITh HAMIEHO METOJOM pa3leeHHs IEPEMEHHBIX B ClIydae

HEKOTOPBIX MpocTermmx obnacted (Kpyr, MPSIMOYTOJIbHUK, IIAp, UAJIUHADP U
ap.).

15.2. 3apauya /lupuxJie 1js ypaBHenus Jlanjaca B kpyre
Haiitu dpyakmuio U, y1oBIeTBOPSIONIYIO YPaBHEHHIO:

Au =0 BHYTpH Kpyra (1)

Y TPAaHUYHOMY YCIIOBHIO
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U(R,¢)= u(p)Ha rpasune Kpyra, (2)
rae u( @) - 3amannas QyHKIUS, ¢ - TOJSAPHBIN YOI

Au=uy +u, =0

BBe/ieM MOMSPHYIO CHCTEMY KOOpAuHAT - %) ¢ HayaoM B [IEHTpE KpyTa.

{x = pros @
Y= 28T _nonspHbIe KOOPIUHATHL

VYpaBuenue (1) B oJISIpHBIX KOOPJAMHATAX UMEET BUJT

U 1 au 1 FU

Y e w7 3

Pemm ypaBHEHHE METOJIOM pa3jiesieHUs IEPEMEHHBIX, TO €CTh OyJIeM UCKATh
yacTHOE pelieHue ypaBHenus (1), Buna

Ulp.p)=Flp)ip) =0
[Toacrasnss npeanonaraemyo (GopMy penieHust B ypaBHeHue (3), noiayyum

AT = P*(p)@(wﬁmm@w} +§P{p}@"(@ ~0
BPLP'(0)+—P(p)] = - P(0IB"()
= =

1
2 (P () +— Pl .
2 :—(Ij(@:}l'.:mmsz.

£lp) &)

Otcrozia monyyuM ABa 0OBIKHOBEHHBIX JU(PepeHIINaIbHbIX YPaBHEHUS:

PAP'(p) +lpf'(p):| _iP(p), P=0, (4)
E(@) = -A (@), =0 (5)

Omnpenenum 3HaK

2

0. ganpumep A=-g".

1 cayuaii ITycts #

PaccmoTpum ypaBuenue (5)
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&'(p)=q"T(p).
XapaKTepUCTHYECKOE YPaBHEHUE HMEET BT

o —g® =0

=t

— ir -iF
(p)=4e™ +52™ 310 pernenne He TOAXOMNT, TAK KAK IIPH H3MEHEHHH yria ¥ Ha

BETMYHHY 27 0HO3HAYHAs GyHKIMs C P P) 10IKHA BEPHYTHCS K HCXOTHOMY
sHaueHuio U PP+ 47) =Ule.9) (yenoBue meproaudHoCTH).

OTtcroaa cieayer, 4To Plp+27)=2W) 10 ectr P gpngerca MIEPUOTHICCKOU
dyHKUMEH

yria ¥ ¢ mepuomom <7,
2 cayyaii [Tycts 4=0, Torma
F"(pi=10

Plp)= 49+ F 310 pemeHne MOIXOMNUT IS YPABHEHHS (5) CHCTEMBI TIPH

ycioBuu, 4yto A=0.

PaccmotpuM ypaBHeHue (4) CUCTEMBI:

2 [p*(;;ﬁhf(;;)}:u

o

P”[p)+lpP’[pj= 0

Tycts (2)=V.rorma:

1

Py =10
Z

ar v
dg g2
Iﬁ__rf_ﬂ

v 2
In V:1n1+1n CLF = i

Fo 2

E:E,leﬂfip: Clln pzcllnp-l_q
dp  p 2
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U=CMn p+ D

Takum 00pa3oM Moayyaem : -pellieH’e ypaBHEHUsSI B OOIIIEM CITY-

qgac.

2

0. Harpumep * =9

3 cayyaii ITycts 4 *
Pewenue ypaBHenus (5):

Pipi= Acosgg+ Bsingy, npuuem ¢ =2

PaccmoTpuM ypaBHeHue (4) CUCTEMBI:

#2041 20 -2 200)

Oyuxumio £?) 6ynem nckars B Bune L= 4

Moxncrasnm £(21= 7'y ypaBHeHuE (4):

]

pz(a[a_ljpa—z+apa-2):gzp

ala-1p"+a o =¢*
a’ —a+a :qz
aﬂ :qﬂ

a =ty

— g -g
Cnenosarenpno, L@ =Cr"+00™°_ hemenne aBHenwust, rone Cu D —
) p yp
[MOCTOSIHHBIE.

JIns peleHus BHyTPEHHEN 3a1a4 HAJI0 MOJIOKUTH Blp=Co , TaK KaK, €ClIu
D=0 , TO

dyuxims YP-2)= Fe)P(®) oGpamaercs B Geckoneurnocts mpu P = U i He BIIS-
eTCs

rapMOHMYECKOW (PyHKIMEN BHYTpH Kpyra. ITak, yacTHbIE pellieHrs Halllen 3a-
JTa4y HaleHBI:

Uip, @)= [ﬂmsq:p+ﬂsinqq9:l- >3

U[p,@)=%+2[ﬂn cosn@+ B, sinn@) o (6)
1 -BUJ] OOIIIETO PEIICHUS.
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VY IOBIIETBOPUM KPAaeBOMY YCIOBHUIO:

%+Z (A, cosnp + B, sinng)R™ = p(@).
n=1

Cuurtas, yto #3amana kak GyHKIUS yriaa ¥, BO3bMEM €€ pa3ioKEHUE B Pl
Dypbe

() = A +2 (A, cosng+ 5, sin ng),
2 H=1 rﬂe

=
_—
T
—
B,
T

H | =

1:.!—.?_"-" :,.I\—.%—" Dl—.%-"

i
Il

L [E') cos HEdE,

|

I
I

£

,ul[E':lsin prede L

&=

[Toncrapisist BeIpaxeHus i koddpuiineHToB Oypbe B hopMyiy (6) U MeHsIs
MOPSIIOK CYMMHUPOBAHUS M HHTETPUPOBAHUS, TTOTYIUM

o dr n Ix
Ul p.@)= i; ',!- ﬁ(&)%[comﬂmsn@+sinm&sinm@jd&+§ ! (A =

= i -!”#[E}jg[ég—:cos(n qu?—ﬂjl)'F%] |

(8)
[TpousBeneM ciaeayroIIe TOXKISCTBEHHBIE TTPeOoOpa30BaHMS:

l+i [E]n cosalp— H=

2 aau R

L A3(E] e

Aol 5]
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P o) B ito-g)

2| LR ie- {_ P w6
R R

2
-3
1 R 1 B-g

2 P2 R*-2pR —+ g
1—2%.:@5(@—&”[%] pReos(p=0)+ 17

[ToncraBiiss MOMy4YEHHBIA pE3yJIbTaT B PABEHCTBO (8), Moaydaem

Rﬂ_pﬂ

1 i
U(p,qEII:—_I-#(EﬁE T 2

o B+ p —2Rpeoslo—4) _yyrerpanshas Gopmyia, garomas
PCHICHUC 3ada4H.

1 Ri_ g
P R4+ ot — 2Rpoos(p— &)

-11po dupuxie.

3.3. 3amauva JIupuxie miist ypaBHeHus Jlamnaca B KOJIbIIE
Haiitu pynkiuio U, y10BIETBOPSIONIYIO YPaBHEHHUIO

AU = 0gHyTpH KOJBIIA. (1)

HGO6XOI[I/IMO IMOCTABUTH KPACBLIC YCIIOBUS Ha KEDK)IOfI N3 I'paHUIIL:

U[Rh ‘P:l =Ahip)
{U[Rg,tp)= A (@), (2)

rae 121520 3anapasie GyHkumn, ?-MOMApHBIA yrod.

JI715 IPOCTOTHI BEIYKCIIEHHH Bo3bMeM & =1 & =2y Aln)=1 flx)=2,

TOTa KPaeBbI€ YCIOBUS MPUMYT BU
U[l, t]?:] = -
U(2.p)=2 (2%)
3anuieM ypaBHeHue (1) B mOJISIPHBIX KOOpAUHATAX
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U 1au 1 FU

A= f7, fe
87 pdp pAp

PemmmM ypaBHEHHE METOOM pa3ieiieHns IEPEMEHHBIX, TO €CTh 0y/IeM HCKaTh
pemienue ypaBuenus (1) Buna

Ulp.p)= Plp) Plp) =0

Torna ypaBuenue (1) npumer BUA

AT = P(p)@(@+$P(m®w}+§;ﬂ(m@"m= 0

1
2 Prr_l__Pr
ol o

2 =—— =1 =const.

F

Otcrozia moyyuM ABa 0ObIKHOBEHHBIX AU (PepeHIIMATbHBIX YPABHEHHUS.

2 (P”+lP’] =AF (3)
o= —;r.; (4)

Heo0Oxoaumo onpenenuts 3Hak 4. B ypaBaenun Jlamaca B Kpyre Mbl BbISICHH-
nu, uto 4+ > Uy pemenns ypasuenuii (3)-(4) umeer By

Ligi=Acosgp+ Ban gy, mpuuem g €5
Plpy=Cp'+Dp™", mpuuem g =0

u pu 4= Vnoxyunim
Flgr=Ljln p+G, ¢=0

OO6ee perneHne MMeeT BU/T

Ul @) = %+Dulnp+z (A, cos np+ B, sin ngp)- (C’np”+£?'np'”)|

=l

VY noBneTBOpUM KpaeBbIM YCI0BUsIM (2*). Heo0X0IMMO BBISICHUTD, KAKUE U3
KO3 (HHUITMEHTOB SBISIOTCS JTUITHAMH.
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Ulle) =, +i(ﬂn[6’n+ﬂn)cos np+ B,(C, +Dnjlsinmp) =1

n=1

dr _
0 _I‘l

L
A4, (C,+D,) =l I 1 cosngdp= isin;—zq:»'
T HT

I _
1] _I:I=

x
B, [CH+D?::I: l I l-Sin?ﬂl]?dt]?:——l COSAP
T HIT

12?:
o =— [1dp=1
! Err-!: ?

U(2,¢)= Cp+ O In 2+i(ﬂn (2" + D, 2™ ) cos ng+ B, (G, 2 +.0, 27 Jsin mp)= o)
H=1

I
_[ 2-cosnpdp =10,

|

o o

42" +D.2™)=

B (Co2*+D, 2™ == | 2:sinnpde =0,

&

2
CD+£;J1n2:§[ 2dp=2.
1]

Wrak, nonyuniu

Ui, @) =C, =1
U(2,@i=C, + 0 n2=2.

Ulp.o)= 1+11n—‘g— PEIIEHAE 3aadi.
fn

3.4. YpaBuenue Jlamiaca B mpsiMOYTOJIBHUKE

Jlnst pemienust ypaBHeHust Jlamaca B mpsiMOYTOJIbHUKE HEOOXOIUMO pacCMOT-
pPETh BCIIOMOTaTEJIbHYI0 3a1a4Yy.

[ (1)

Kl

It (2)
U0, v = A (y)

Ufa,y) = £,07) (3)
U (x,00= U (x,8)=0 @

Ycnosue (4) HeoOxoarmo. OHO HaM MTOMOKET NPU PEUICHUU.
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Pemmm ypaBHenue (1) MeTooM pa3ieneHus IepEMEHHBIX
Uix, y)= X (x)¥ (y).

VYpaBuenue (1) npumet BUI

2
¥F+ﬁ}f:ﬂ
(5hy e
—}’—: ul = A = const.
¥y X

Otcrosia moty4yuM ABa 0OBIKHOBEHHBIX AU (PEepeHIIMATBHBIX YPABHEHHUS.

{}’”: A7 (5)

X"=i}f. (6)

Heo0x0auMo OnpeaenuTh 3HaK 4 .

A <0, Hampumep, Ai=-p*

1 cayyaii. [lyctp

Paccmotpum ypaBaenue (5):

Y'Y =0

XapaKTepuCTUUECKOE YpaBHEHUE:

53 _ pﬂ — [:|
E=1p
Fiy)=Ce? + De™® —pemenne ypapHerHda ().

PaccmoTpum ypaBuenue (6)
K'-iX=0
XapaKTepruCcTUYECKOe ypaBHEHHE:
o + pg =10
@ =—p
m=tp

X(x)=Acos px+ Hsin px— pellleHHe YpaBHEHHA (6],

Takum oOpazom,
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Uix =Xz YO =(Acos px+ Bsin px) - (Ce® + D™

VY 10BIETBOPUM KPaeBbIM YCIOBUSIM (4):

0 iz M= {Acospr+Ban px) (C+I0=1
ix,=X(x- (C+In=0

¥ (2= 0. rax xak MBI HIEM HEHyJIeBbIe pemreHns ypaaenns (1), torna C+D=0,

oTcroma & =-L',
2y Drd) = X0 (Ce® +De™)=0,
VuureiBas, yto ©=—umeem:
—De® + D™ =0
Die™ —g®y= 1

ph_ @

D2 0 cnegopatent e, & ¢ = ¥ 5To BOSMOEHO TONBKS pHp =0

*HO TOr'la MBI ITIOJIYyYUM
PEHICHUC YPABHCHUA PABHOC HOCTOHHHOﬁ, a 9TO HC YIOBJICTBOPACT YCIIOBUAM

(), ().

2 cayyaii. ITycts A >0, manpumep, A=p*.

PaccmoTpum ypaBuenue (6)

X'-iX=0

XapakTepucTUYeCKoe ypaBHEHHE:

mﬂ_pﬂ =0
ot = p?
m=1p

X(x)= 4™ + Be™™ —pemenne ypaeuenna (&),
Paccmotpum ypaBHuenue (5):

Y'"4+Ar=0
XapakTepuCTHUECKOE YPaBHEHHUE:

gi+pt=0
&=dp
Ty =Ccos py+ Dain py — pellieHRe YpaBHeHHA (D).
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VY 10BIETBOPUM HAYAIBHOMY YCIIOBHIO (4).

Uiz, yi=Xi(x) Y =(Ade®™ + B ™). (Ccos py + D sin py)
n Uix,0=X(x).C =0

A(x)= 0, cnegoeaTenkso, O =10
20 Uz ) =X(x (Croos pb+ Dain pb) =0,

Tak kak C=0 To,
Dsin ph=10.

Ecnu D=0, To penienne ToX1eCTBEHHO paBHO HYJII0, @ HAM 3TO HE MOJIXO0IUT,
3HAYUT

sin bp =10
bp =wn

Tn
p=—, Ime ®ed
b
3anuieM perieHue 3aja4u B BUJIE psiaa:

M
TRV

Uix, y) = i(ﬂneT+5’ne—%)3inT (7)

VY noBieTBOprUM HavadbHBIM ycinoBusaM (2), (3). [loacraBum B Beipaxkenue (7)
HavyajgbHOE ycioBue (2):

U, 3)= A0
>4+ B)sin T = 70
u=l
_Z . . TRV
A +B, —E!_fl(y) sin —>dy @
Y I0BJIETBOPUM HadaIbHOMY yciioBuio (3): Yie =40
DA ? +Be a2 = £
n=l
Tha T ok _
Ae? +Bg * =E.!'f2(y}sm?;£dy. (9)

H B,

Jlis Haxoxxaenust KodhGUImeHTon 4 HEO0OXOJIUMO PELIUTh CUCTEMY ypaB-

Henuii (8), (9):
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A
A+B, == [ £0)sin 22y
i}

TRl 197

3
Ae? +Be ? :%Lﬂ@ﬁmf§ﬁy
0

[ToacTtaBuB nonyyeHHble KOAQPUIUEHTHI B (7) TOJIYYUM pEILlICHUE 3aa4H.

PaccmoTpuM HeHyJIeBble KpaeBble YCJIOBHS JJA ypaBHeHus Jlansaca B
NPSAMOYTOJIbHUKE!

(&1 &

B
U0,3)= 40
Ula,y) = 1,0
U(x,0) = #5(x)
Uixb)=f ()

0

o

NmeM pelieHre 3aa4u B BUAE CyMMbI IBYX (PYHKUIUN

Ulx y)=Vix y)+ Wix y)

’ﬂJrﬁ:'j PEE_W_FBE_W:G

At Syz A @}2

V0, ) = A0 Wi0,»=10
LACHIERAY (10} W@,y =0 (113
iz, 0)=0 Wiz 0= £(x)
Vixd)=0 Wix,B)= 7, (x)

3amaua (10) yxe peiieH, a 4ToObl HaTu pemieHue 3agaun (11) HeoOxoaUMO

NPOCTO 3aMEHUTHh COOTBETCTBYIOIINE OYKBHI M U(MphI B pemeHunn i V(X,t), To

ecTh 1 =3 2—=4 z—=v, &—=a
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HpaKanecKne 3aHATHUA

1. ITIpuBeanTe K KAHOHMYECKOMY BHIY

1). a’u, —u,=0,a=const. 3mece A=a’,B=0,C=-1. Torma 6=B’-
—~AC=a’>0.

2). a’u, —u, =0,a=const. 3necs A=a*,B=0,C =0.

3).u, +U, =0.3nece A=1,B=0,C=1.

4). yu, +u, =0.3nece A=y,B=0,C=1.

2. HaiiinTe KAHOHUYECKUM BU/ YPABHCHUS

u, —u, —2yu, =0,
u,—4u, +4u —xu =0.

u, +2u, +ou, —32u=0.

3. HaiiinTe KAHOHUYECKHUIl BU/I CJIeAYIONIUX YPABHEHUH

Ut U, + Suy, —32u =0,

u”—i*ux#-i— u,,+ Eux-ir‘éluy—":'iu =1,

20t Buy, fuy, + Tue+ 4u,—2u=0,

ottt —2u,, —3u,—15u,+2Tx = 0.
e — 0w, + w4 100, — 150, —50u + x—2y =
U+ 4ty + 100, —24u, 4420, + 2 (x +y) =

4. HanunTe o01ee pemeHne

Dl Bty + 3y,

Eux,—f-ﬁu,,yﬁ—éu U—I—ux—l—u =1.

Btk — 10, + Bty — 2t -+ duty + == = 0.

Buﬂ%—lﬂuw—l—ﬂuw-ﬂru +u, + Iﬁu—lﬁxe -%n .
—2u .+ 2u,—u,= de*.

3
i.',mr Bu, -+ Buy, + 0, —2u, —I—-le 0.
U, —2cosxu, -{34=sm‘x}uw—[—ux+[smx—cusx E}uy_
e, -e'ﬂ'u —eT¥y, +evVu, +8e¥ =0,
r|;.r+yui.r"_u_
Uy, + Xl —u—l—-:usy - (0.
chxum—l—{shx—[—thx}u —ch:-:u—[]

(g + 1) + 20y (1, +u) = 0.
By (5 +4) +x (U, +u) + 22y =0,
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5. Pemuuth caeayromme 3a1a4u

Uy =a%,,—ht, 0<x< oo, t>0,

u(0, )=0, >0, ulx,0=q(x), 0<x< 0o,
uy=atu,,—hu, 0<x<eoo, =0,

u (0, )=0, t=0, ulx,=g(x), 0<x< oo,
Uy =a*d,, +f(x 1), 0<x<<oo, (=0,

w0, )=0, t=>0, u(x 0=0 0<x< o0,
uy=at,,+flx, 1), 0<x<oo, t>0,

u, (0, 6)=0, >0, u(x,0)=0, 0<x< oo,
iy =a, ., —hu+flx, 1), 0<x<eo, >0,
u(0,)=0, t>=0, uix, 00=0, 0<x <00,
Uy=aty,—hu+flx, 1), 0<x<o0, t>0,

u, (0,8)=0, ¢>0, u(x,0)=0, 0<x< oo.

6. Hajigure pemeHus cJeIyHOIMX 3a1a4

Ugx = Uggy

w(0, y=p(t), ull, t)=v(),

ulx, 0)=g(x), u(x, 0)=1p(x).

'H:’EH”, p:.t'[Dl ﬂ=ﬂ“}1 H”, i}='\?l:f],
ulx, 0)=wo(x), wu;(x, 0)=0.

'u-T-\':uitl'I"f{I! ﬂ:

w(0, H=pn(®), u,(, H+hu(, H=v(), h >0,
u(x, 0)=0, u(x, 0)=v¢(x).

u.rx=uﬂ+f{xi ﬂl

u:[u- !}'—hH{D, f}——“[.l.l:f}, h:‘-‘-‘ﬂ, ”‘x“! I:':""’U}l
ulx, 0)=0(x), wu(x, 0)=19(x).

Byx = Uit
e (0, ) —hu(0, H=p(t), ux(l, H+gu(l, H=v(b),
h>0, g>0,

ulx, 0)=0, w(x, 0)=0.
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7. HajiguTe pemeHus cJeIyHOIMX 3a1a4

u(0, H=u(l, H=0, w(x, 0)=Ax,

u(, hy=u,(l, t)=0, u(x, 0)=gp(x).

u (0, y=ull, 1)=0, ulx, 0)=A({—x).

u (0, Hy=u,(l, )=0, u(x, O)=U.

u (0, y=u (l, t)+hu(l, t)=0, u(x, O)=q(x), A>0,
u, (0, )—hu (0, H)=ul(l, )=0, ui{x, Oy=U, h>=0.
u 0, )—hu(0, )=u,(l, 1)+hu(l, t)=0,

ulx, Oy=U, h>0

8. MeT0/10M HHTETrpPaJILHOTO Npeodpa3oBaHus Oypbe HaliUTe pelIeHus!
CJICAYIOIMX 32124

Upp =My, U(x, 0)=9(x), iy (X, 0) =1 (x).
uﬂ=ﬂiux.t'+-f {I- ”- u[.:u:‘ ﬂ] = IE'I"t[.':':l ﬂ]ED
Up=aU,., wWix, 0)=px).

=0, +Ffx 1), wix, 0)=0.
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3aganus I CaMOCTOATEIbHON PadOThI

1. OmnpeneneHrie MNOJOKUTEIBHON ONPENEICHHOCTH KBaIpaTUYHON (HOPMBI
kpurepueMm CUbBECTpA.

2. IlpuBeneHre K KAHOHUYECKOMY BUY KBaJIpaTUYHON (DOPMBI METOIOM BBI-
neneHus noinHoro kBaapara (Meron Jlarpanxa).

3. IlpumeHeHre MPOU3BOIHBIX IIPU MPUBEICHUHN K KAHOHUYECKOMY BUJY KBaJI-
paTU4HON (HOPMBL.

4. ANTOpuTM TIPUBEACHUS K KAHOHUYECKOMY BUY KBaIPATHUHON (hOPMBI.

5. Xapakrepuctuueckue (Hopmbl. YpaBHEHUS XapaKTEPUCTUK. XapaKTEPUCTHU-
YeCKHE TOBEPXHOCTH.

6. 3aaum, IPUBOAIIMECS K BOJTHOBBIM YPABHECHUSIM.

7. 3anauu, npuBoasiuecs Kk ypaBHenusm Jlamnaca u [lyaccona.

8. 3amaum, NpUBOJSIIMNECS K YPABHEHUSAM TEIUIONPOBOAHOCTH.

9. N'apmonunyeckre QyHKIMH U UX TTOBEIEHUS HA OECKOHEYHOCTH.

10. ®opmyna Octporpanckoro u ['puna.

11. [Tmomaaps N-MepHONU €NUHUYHOU CPEPHI.

12. IIpon3BoaHast IO HAIPABIEHUIO HOPMAJIH.

13. IoHATHS CONPSIKEHHBIX OIEPATOPOB.

14. [IpuHIMI 3KCTpEMyMa Il YPaBHEHHUS TEIUIONPOBOAHOCTH.

15. ®opmyna Kupxroda u meros crmycka.

16. CBolicTBa TEILUIOBBIX NOTEHIIUAJIOB.

17. CBoiicTBa NOTEHIHAIOB TPOCTOIO U ABOMHOIO CJIOS.

18. O0BEMHBII ITOTEHIIAAT U €0 CBOMCTBA.

19. YpaBuenue [ enbMronsia.

20. ITpunHin 3KcTpeMymMa.

21. lloctpoenue dpynkuuu ['puna.

22. UnTerpanbHOe ypaBHEHUE AOers.

23. N'amma QyHKIUS ¥ €ro CBOMCTBA.

24. ®Oynkuuu beccenst M ©X CBOMCTBA.

25. 'mepreomerpuyeckue GyHKITUU UX CBOWCTBA.

26. YpaBHenue Jlannaca B HIMIMHIPUYECKOW CUCTEME KOOPAUHAT.

27. Ypasuenue Jlamnaca B cpepruyueckoit cucteMme KOOpAuHaT.

28. PemieHre ypaBHEHHH B YaCTHBIX MIPOM3BOJIHBIX B cucTteme Maple.
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