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Abstract. We study a pulse-frequency-modulated control system. The behavior of such a system is
described by a differential equation with a discontinuous right-hand side, and its symmetry leads to either
single symmetric solutions or pairs of asymmetric solutions. We derive a two-dimensional map that is
continuous or discontinuous depending on parameters. In parameter plane with periodic dynamics we find
closed invariant resonant curves. We demonstrate that with changing parameters the classical invariant curves
are replaced by discontinuous invariant curves, where the unstable manifolds of saddles consist of
disconnected segments.

Keywords: Pulse-frequency modulated system, Arnold tongues, discontinuous maps, bistability,
discontinuous invariant curves

Introduction

In this paper, we focus on the dynamics of a pulse-frequency modulated control, which is widely used
in physics, mechanics, and power electronics, as well as in the investigation of nonlinear phenomena in
biology and medicine. Pulse-frequency modulated control systems [1, 2] are characterized by control signals
composed of rectangular pulses with constant amplitude and duration, modulated in frequency Interest in
such systems stems from the similarity of their dynamics to those of many systems in engineering and applied
sciences. For example, pulse- frequency modulated systems exhibit dynamics similar to the rhythmic activity
of neurons. Other applications include the analysis of cardiac arrhythmias, such as atrioventricular conduction
block, as well as the investigation of biological mechanisms underlying sleep-wake regulation.

Consider the control system consisting of a pulse-frequency modulator (PFM) and a continuous linear
part (of the plant), the block diagram of which is shown in Fig. 1. Here x is the output of the system; o(t) is
an external periodic signal with a period of 2n; ¢ = a(t) — x and are

S signals at the input and output of the modulator, respectively; W(p) = function olep +islthe transfer
0

the plant, where Ty is a time constant of the plant.

The behavior of this system is described by a differential equation
x = f(t,x), f(t,x) = J(x — S(y)), (t) =a(t) —x(t), o(t + o) = —o(t) 1)

Here t is the o time variable, x is an unknown function of t and f is a given function of t and x (t,x,f
e R). x is the derivative of x with respect to t and S is the output (switching function) signal of the pulse
frequency modulator; /7 = —1/T is the parameter associated with the time constant of the plant, and o(t)
=j,cost.

The output signal of the modulator, denoted by S, is determined by the sign of the error signal (p =
o(t) — x. Specifically, the modulator operates as follows S =+l if <p> 0 and S =
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—1 if ¢p < 0. However, when x(t) reaches the reference signal, i.e., when ¢ = 0 sliding modes may occur.
To prevent the appearance of sliding modes introduce a holding mechanism. The modulator switches from
S =+1to S =-1, or vice versa, whenever the sign of the error signal ¢p changes. Immediately following each
switch, a fixed time interval zo > 0 is triggered. This mechanism prevents further switching during the
interval zo, even if the sign of ¢ changes again. Once z, has elapsed, the modulator becomes responsive to
changes in ¢» again and may switch accordingly. As can be seen from Eq. (1), the right part depends on both
t and x. The function f periodically changes by t with a period of 2n. In the numerical investigations we
have assumed the following parameter values: A = —3.295; g = 4. Normalized input voltage /" and z, are
treaded as control parameters: 16.0<I'<19.0; 0.06<z,<0.436.

We reduce the differential equation (1) to a 2D mapping

F: (6,x) M F(6,x),

Fo(0,x) if q1( zo,x) > 0and g2( zo,x)<0
+(0,X), if mgi(zo,x) > 0and -q2(zo,x)>0- )
-(0,x), if"Ni(Zo,x) < 0.

Here, q1‘Zo,x’,
Vi(*0,x) =j,cos(0 + Zo) + 1 — (x + 1)e”®°,

Ny (Z0,X) =j,c08(0 + 2209) — 1 — (X + 1)e2Azo + 2ehte

and

8 + 2zo mod 2n

FO(O, X) 1 + (X + 1)e2AZo_eAZol-
6 + Zo + z+ mod 2n
F+(6,X) 1+ (X + 1)eA(ZO+Z+) _2eAZ+\
6 + Zo + z mod 2n
F-(d,x)

1+ (X + l)eA(ZO+Z+) o 2eAZo

where z+ are the durations of the positive and negative pulses, respectively. Depending on the parameters,
such a mapping may be a continuous or discontinuous. Boundary y, separating the regions of existence
continuous and discontinuous map in the parameter plane ( zo, I") given by

Y = {(20, I'): r=q"+2,0.06<Z0< 0.436 }.

) . 1
- PFM — W(s) —p3—

Fig.1. Block deagram of a pulse-frecuency moduleted system.
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Fig.2. Bifurcation structure of the parameter plane (zo, I').
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Fig.3. (a) Discontinuous invariant curve consisting of a symmetric stable 7-node, 7-saddle, and the
unstable set of the saddle. (b) Discontinuous invariant curve consisting of two asymmetric stable 6-node, a
pair 6-saddle, and the unstable sets of the saddles.

Bifurcation analysis

Fig.2 presets a 2D bifurcation diagram in the parameter plane (zo, I"). The domains of periodicity in
the (zo, I') represent the resonance tongues (Arnold tongues)[3,4]. Several of the most prominent tongues
are indicated in this figure.

Above the boundary of y (within the domain of ncont) the mapping is a continuous. The region Nisc
corresponds to the region of existence of a discontinuous mapping.

It is well known that inside the Arnold tongues, the asymptotic behavior of the dynamical system is
periodic, while it is quasi-periodic outside. In both cases there exists an attracting closed invariant curve. The
invariant sets in discontinuous maps play a role analogous in continuous case. Such invariant sets and their
transformations are fundamentally different from the continuous case described in the existing literature.
Examples of discontinuous invariant curves of the map (2) is showed in Fig.3.
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Conclusions

It is well known a such structure for continuous maps may be associated with the bifurcation from
quasi-periodic behavior with two independent frequencies to periodic oscillations with a single frequency.
Inside the Arnold tongues, the asymptotic behavior of the map is periodic, while it is quasi-periodic outside.
In both cases there exists an attracting closed invariant curve. The invariants sets in discontinuous maps
play a role analogous in continuous case. Such invariant sets and their transformations are fundamentally
different from the continuous case described in the existing literature.

In this work, we investigated the dynamics of a pulse-frequency modulated (PFM) control system.
We illustrated that this equation possesses a symmetry that gives rise to either single symmetric solutions
or pairs of asymmetric solutions that are symmetric to each other (see also [ 5,6]).

We derived a discrete-time representation of the system in the form of a two-dimensional map.
Depending on the parameter values, this map may be either continuous or discontinuous. We identified the
boundary separating these two regimes in the parameter space and demonstrated that the parameter space
of the map is organized by a bistability-affected period-adding structure [5]. We examined the role of
invariant curves within this bifurcation structure. We showed that classical closed invariant curves are
replaced by discontinuous invariant curves, in which the stable manifolds of saddles are given by collections
of disconnected segments rather than continuous curves [7].
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