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Abstract: In the present paper we studied the problem of nonlinear optimal control of the thermal processes described by Fredholm
integro-differential equations when the control parameters are nonlinearly included into the equation as well as into the boundary
condition, The concept of weak generalized solution of the boundary value problem is introduced and the algorithm for its construction
is indicated. It is established that optimal control is defined as the solution of the system of nonlinear integral equations which contain
unknown functions under and out of the integral and satisfy the additional condition in the form of the system of inequalitics. Sufficient
conditions for the existence of a unique solution of the problem of nonlinear optimization are given, and algorithm of its construction
has been developed.
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1 Introduction 21] and the references therein). However, such problems

were not well-investigated in general.

It is well-known that basis of the optimal control theory of
processes described by ordinary differential equations was
laid in the 50th years of the 20t/ century in the works of
L..S. Pontryagin and his colleagues [13] and basis of the
optimal control theory of processes described by partial

One of the main research method of optimal control
problems is Pontryagin’s maximum (or minimum)
principle which is used in optimal control theory to find
the best possible control for taking a dynamical system
from one state to another, especially in the presence of

derivatives differential equations was laid in the 60th years
of the 20th century in the works of A.G. Butkovskiy [12],
A.l. Egorov [6].

Moreover, several processes described by ordinary
and partial differential equations have been studied
extensively by many researchers (see, [16,17,18,19,20,

constraints for the state or input controls.

Note that the maximum principle was formulated for
systems with lumped parameters, and it is applicable not
always in the case for systems with distributed parameters

[6].
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The problem of control processes described by
integro-differential equations with partial derivatives is
often encountered in applications and it has been studied
in papers [6,7,8,9,10]. For example, in [15] investigated
the problem with taking into account the only external
control parameters. When we study of thermal processes,
in practic€ it is necessary to consider the thermal flow
passing as well as across the border.

In this article, we investigated the questions of unique
solvability of the optimization problem for the thermal
processes described by Fredholm integral-differential
equations when the controlling external forces as well as
boundary control are operated to object , i.e. object is
controlled by two control forces. Such problems have not
yet been studied in control theory. The quality control is
estimated by the quadratic functional. Based on the
maximum principle the conditions of control optimality
for systems with distributed parameters [6] are obtained
in the form of a nonlinear integral equation and
differential inequality. The solvability of the nonlinear
integral equation is studied according to the method of
book [4]. For optimization problems we obtained the
sufficient conditions of the unique solvability and we
indicated an algorithm for constructing solutions of
nonlinear optimization problems with arbitrary precision
in the form of the triple

() B°() (DD () B(] where
((1)E8°(1)) is vector optimal control, V(1 @) is optimal
process, and Ju()@°(1)] is the minimum value of the
functional.

2 Boundary value problem of the controlled
process

Suppose that the state of a thermal process is described
by the scalar function v(t&), which satisfies the integro-
differential equation [1,2,3]
Z,
V= Vet A o K@O)v(r@)dr+ gt @) M a(n)] (1)

in the region 9= {0<x< 10 0< (< T}, and on the
boundary of Q it satisfies the initial condition

v(0R) = wx)Ms x< | 2)

and boundary conditions 2
V(1) = 004 (10) + av() = pit@())(0< ¢< 7)1
(3)

where K (/[T) is a given function defined in the region D=
{0< (< 70O 0< 1< T} and satisfies the condition

pltd(1)] € H(ODT) are functions ol external sources
which nonlinearly depend from the control functions
u(t) € H(0OM)O 9() € H(OT) and satisfy the
conditions

fultGu(e)) 8 00 paoltP(1)] 8 00 v e (00); (5

A is a parameter; @ > 0 is a constant, 7 is a fixed moment
of time. The Hilbert space of functions defined on the set
Y is denoted by H(Y).

In real-world applications, generalized solutions of
boundary value problems are used. For the boundary
value problem (1)-(3) we will use the following concept
of weak generalized solution.

Definition 1.Under a weak generalized solution of the
boundary value problem (1)-(3) we mean the function
V(( ) € H(Q) which satisfies the integral identily

Z, z,Z,
(ve)dx = V(@ - @)+ o) (0)
0 n 0
o'z, o
x A KUO)(r@)dT+ g3 i) Jdxdi
0
z

+ loua)(- aved) + pB 1)
-@(O)v(d)+ @ (1 00) v(r )]t

foranyt,andr, 0< (1 S (S S T, and for any function
PURR) € C'2(Q). as well as the initial and boundary
conditions in a weak sense, ie. for any Sfunctions
@(x) € H(0O) and @i(t) € H(0D) the following
relations hold
7 Zi
lim v(iZ)@(x)dx = Yx)@(x)dx0
—+0 0 0

Zy I
im, (i) - av@) (0 = AT
Zy
lim vi(t3) e (t)de = 00 (7)
x—=+0 0
where C'2(Q) is space of functions which has the first
derivative with respect to t and the second order
derivative with respect [0 X.

To construct the solution of boundary value problem
(1)-(3) we use the eigenfunctions and eigenvalues of
boundary problem [6]

2'(x)+ Adz(x) = 00 2(0)= 00 z(1)+ az(1) = 00()

Eigenfunctions have the form

Sl ety
243+ o) (
A—3—+ o g cosAxO ne{12OOJO (9)

zp(x) =

and form a complete orthonormal basis in the Hilbert space
H(0O). Corresponding eigenvalues A, are determined as

2,72y
: KX (1O)drdi = Ko < =0 4)
)
i.e., K(1Or) € H(D); w(x) € H(0O)O g(t®) € H(Q) are
given functions; flar)) €  H(o),
@ 2016 NSP
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a solution of the transcendental equation ArzgA = a and
satisfies

Mg At O W€ {IROIRO lim A, = =0

and 2
(n=1mw< Ay < 5(2n- 1)0 (10)

We are looking-for the solution of boundary problem
(1)-(3) in the form

v(iz) = iv,,(t)z,,(x)l:] (11)
where
0 O, &
v(t) = v @, (x) = i V(1 3)z,(x)dx (12)

are the Fourier coefficients of the function v(1(). The
symbol < ‘B > is used for the scalar product in the
Hilbert space H(01). We also use the expansions

g(t3) = 3 gn()zu(x)0 (13)
n=1
D 5

gu(t) = gt@)Qu(x) = 2 g(t3)z,(x)dx0

wix) = > wz(x)0

n=

a] o 2.
W= W) Balx) = i W(x)z,(x)dx0

According to the method [7], the formal solution of the
boundary problem (1)-(3) is found by using the integral
identity (6). By the arbitrariness of function @(1 @) in the
integral identity (6) we assume that @(13) = z,(x). After
some calculations, the integral identity (6) takes the form

2y O P

g < V(IR)B(x) > + A2 < V(R) () >
Zy
=A i K@) < v(1B)&,(x) > dr
O
= < g(t@)B,(x) > flt@()] - z,(1)plt P ()] dr = 00

In this identity by supposing (> = ¢ and differentiating
with respect to ¢, we obtain the integro-differential
equation
2 ) '
ik V(@) B(x) > + A7 < v(13)B,(x) >

2
A ; K(r) < v(rR)@,(x) > dr

g y(x) > fUGu()]+ 2,()pk PO (14)
which we solve with the initial condition

+

A

for each fixed n € { 1 200Y. Considering the right side of
the equation as absolute term, we solve the Cauchy
problem (14)-(15) by the formula

< VIR Ba(x) > = e MO < v B)B(x) >
7

1 0 T
+ MDA K(1B) < V(sT)B(x) > ds
n 0

0
+ < g(1@)@,(x) > fIrG(n)]+ z,(1)plr(B(1)] dT0

Tending #; to zero and taking account of (7), (13) we
obtain the relation

vi(t) = e My, (16)
Z

T
+ M A K(IB)Va(s)ds
0 0

O
+ g () ATrG(n)]+ z,(1)p[rT(7)] dT

which is the linear integral equation.
It is easy to see that there is an initial condition

vi(0) = w,0 (17)

We will rewrite equation (16) as
Z,
vi(t) = A . Ky(t@) va(s)ds+ a, (1)1 (18)

where Z
K= MK (13)dT0 (19)

'
- —-A2(-
(l”(l) = g A:%’w"+ e,.An(/ yl
0

x (g(T)SIT(1)]+ z,(1) plTB(T)]))dTO  (20)
We solve integral equation (18) using the following
formula [8,9]
Z
vo() = A R(tBDA)ay(s)ds+ ay(1)0  (21)
0

where

R,(1BMA) = ZA"'K,,m(lEt)D ne{iOmy (22)

is the resolvent of the kernel K,(13) = K,n(13), the
iterated kernels Kt 3) are defined by the formula [8,9]
Z,y
Ko 1 (1B3) = ; K,(tM)K,(nB)dnU € { 1 200} 0
(23)
for each n € { 1 20M}.

Further, as in [15], we have set the radius of
convergence concerning resolvent for any n € { | (2000},
as well as proved that the solution of the problem (1)-(3)
which defined by (11), (21) is an element of the Hilbert
space, i.e. V(t¥) € H(Q) for any external control u(/) and
boundary control 9(¢).

< V(B3)Bu(x) > = =< V(1 B)Bi(x) > (15)
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3 Formulation of optimal control problem
and conditions of optimality

Consider the optimization problem in which it is required
to minimize the quadratic integral functional
b Z !
JuB@Y= (W(TR)- §(x)Pdx
e o .

M CORER O (24)
for B > OGvhere €(x) € H(00) is given function on the
set of solutions of problem (1)-(3), i.e. we need to find the
controls «’(r) € H(OCT) and 9°(1) € H(OCT) which,
together with the corresponding solution V@) of
boundary value problem (1)-(3), gives the smallest
possible value of functional (24). In this case #%(r) and
9°(1) are called the optimal controls, and v°(r 3) is the
optimal process.

Since, according to (5) each vector control
(u"(t)EB"(/)) uniquely defines the controlled process
V), then the solution of boundary value problem
(1-(3) of the form v(t@) + Av(1@) correspond to the
controls u(r) + Au(r) and 9(1) + AS9(t), where is the
increment that corresponds to the increments AS(t) and
Au(t). According to the procedure of application of the
maximum  principle [6,10,1 1], the increment of
functional (24) can be written as

AJulB] = J[12+ Auld+ A9)- J[uD)
-

S 4 AN vIwEDB]dr
Z

|
+  AVN(TR)dxO (25)
0

where
ANV E®) = M+ Au()P+ A9)

-Nvw@®) 0o

MVWOE) = w)pkBO1+ e + 93())
1

+ b UMW) /T Gu(1)]dxD (26)
w(/) is a solution of the conjugate boundary value
problem

Z,
W+ Wy + : I((ru;)w(rct)dr’= 000<x< IO t< 7O
W(TT) + 2(TR) - E(x)]= 000< x< 10
(1) = 00w, (10) + aw(td)= 00 < T

and has the form [15]
W(E) = =2[v(T) - &] M=)
Zy iz 0
*A P(s@D)e X5 5,00
0

(27)

According to the maximum principle for systems with
distributed parameters [6,10,11], the optimal control is
determined by the relations

2Bu) _ Z

LleGu()] -
§_289%0) _
pali® ()]

1

gUX)w(3)dxD
? (28)
w(rd)o

Bugis B
T
9 U

Pl DO o

Jult Q1))

Poll ()] 0 (29)

which are called the optimality conditions. The relations
(28) were obtained from the following condition

gradl(-&®) = 00

The relations (29) were obtained from the system of the
conditions by elimination of w(zx) and w(/[)

gradll(-w®) = 00

w(TUEB) M,9(-tuld)

. 4 )
Rl 5 OUEJW(MO) My (-aucs)d” 7

4 Nonlinear integral equation of optimal
control

In order to find the optimal control, we use optimality
conditions (28) and (29). We substitute w(/[¥) in (28)
with the solution of the conjugate boundary value
problem defined by (27). First, we calculate the integral

Z, Z,

SRR = Y g()2(x) 5 w0
0 &

n=

= Zg”(l)wu(l)D

and rewrite equality (28) in the form

But) fy 'lea(e)] = - Zgu(r)[vm = 5]

" o
o ! - A=
x e MU= 4 A p(sBI)e Mg
0

Z z,(1)[vi(T) - &l

n=

B3(1)p,' ()] = -

iy r S 0
x g h(=0 4 ) Pu(sBOA)e™ =9y 1
0

@ 2016 NSP
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According to (12) we further reduce this equality to the
form

L1 o .0
Sl Gn)] < &)
sH o H+Z &) EdTam) (o)
pol ()]
5 Loy o ftrou)
x L(TOAY gu(T) (1) PN dr
0
s N O
—'Z () E,(T@A),0
where
E,(T@A) = e"fz‘”"” @3N
A ' R (saon e M9 450
)
LATOD) = &A1 32)

A
+A  R(TGO)e Mo Ndsp
0

7
ha= &= wle M+ A R(TBD)e 4 dsi0 (33)
0

Thus, the optimal control is defined as the solution of
nonlinear integral equation (30), and the condition (29),
here, must be satisfied. Condition (29) restricts the class
of functions of external actions f[t(t)] and p[tD(1)].
Therefore, we assume that the functions fTrGe(r)] and
pltmd(r)] satisfy the (29) for each of the controls
u(t) € H(OCT') and 9(1) € H(OLT).

Nonlinear integral control (30) is solved according to
the method [4,5]. Suppose that

|
|
|
|
|

i o) .
P R T 10 R

Lemma 1.The vector function 6(t) = (6,(t)[By(1)) is an
element of space H*(0LT) = H(OT') x H(OCT).

Proof-According to (5), we have the estimate

suplfy ' @(0)]] < MO

suplp;'[lEB(l)H < M, we[0T]O

Since u(1) € H(OCT) and 9(1) € H(OCT), then the
assertion of the lemma comes from the following
inequality

Z.

T Z
: 6} ()dr < B2
)

:
75 T ()] u(r) Pt
s
.
< B*M] WP)di < =0
z J 7 72 L5 -
, Gdis B 1p5 LB WIPS() P

-
s B*M3 : 9 (1)di < =0

According to (29), the optimal controls «(r) and 3(r)
are uniquely determined by equality (34), i.e. there are
functions ¢, and ¢ such that

u(t) = G (1B ()IB)D 3(1) = Hr(tB()IB)T (35)

Using (34) and (35), we rewrite system of equations (30)
in the form

De,(:)m+ - Dgu(t)DE(mm)zTL (TOrA)
80 * & zin) BTN b
xnugémaéwm nBmE] @
-3 f((:; ET@A)A,0 0%
Introducing the notations
o= 300 o= £fy
F(ra(n)@(n) = i}lé'si?)’] .

we rewrite equation (30) in the form

w Z

6(t)+ ) G,(t0)E,(T@A) 0/ L(TOrA)

n=

* G, (1O)F (10 [TC8) (1) [B] (108 (1) (B])d T
= Y G,(tO)E,(TQTA)h, (37

n=

or in the operator form
6(1) = E[6i(1)B:(1)] + A(1) D (38)

where

E[6/(1)By(1)] = - iG,,(lD)E,,(TD\)
7 i n=
x , WTOMG(rO)

x F(rp [r08) (1) (B o[ T (B ( 1) [B])d TD)
h(1) = ZGn(ICI)En(TmD\)h,,D (39)

Now, we investigate the question of unique solvability
of the operator equation (38).

Lemma 2.The function h(t) is an element of space
HA(0LT).

@ 2016 NSP
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Proof.By the straightforward calculations, we obtain the
inequality
20 i o
KR()KGdt = () + () dr
0 0
Alalajcd 0,
J ol ; gn(t)EA(TQTA) Ay
o Dzl:]
& z\z,,(l)E,,(T[]D\)h,, dt
n= D

2
< 2kg(im)ky, 1+ aq—_:_A Kot —
207 - |Al KT

"=

|
o ]
|
x g 2 KGR 2KUK)
ey
B f oo
AKoT ]
AT e ST
W= Al Kol AN
5 AKT i
e il
242 |A| KoT 2

2 kE(X)kY

o
A*KoT e

= S Ey Y
202 |Al KT i

|

‘o 2

< 2kg@)ki+ 1 1+ __—_.A AOQ

2A7- |A| KT

+2ky(x)k,

@
|
=p%s 2 KE (K} + 2ky(x)k],
2
8] oo
AKoT |
x ]+m———ﬂ——5’—_ a3
A BT AN
< =0 (40)

x +

O\ —

from which the assertion of lemma is implied.

Lemma 3.The operator = E[6,(1)B(t)] maps the space
HX(OCT) into itself, ie. is an element of the space
H (o).

Proof By the straightforward calculations, we obtain the
inequality :
Z,
2 E[6, () 08, (1))t
z,0H . 2l
= Z\G,.(ID)E,.(TED\) L(TO)G(10)
0 n= 0

‘g

% F(TDMTE&(T)EB]UPz[TEBz(T)m)dTE]-dI

o,
< KG (1 T) K2 | £/ (TN

n=

-
i [L(TO DA kG (1D )k

0,
B s (@@ ar d
Zine ua e
< S KGOl E(TTA) el

n=

:
|L,(TOA) PG (10Kl T

" &
= 0

Lty
B ey (I BD
0 - o
< kg(im)k} + 2
|

2

a P |
0 [} 0
3% BfIDIJn[HZB](l)EB][Hf,*~ Bp 1 [l 16 (1) [B) '},,
< = (a1)
from which the assertion of lemma is implied.

Lemma 4.Suppose that the conditions

Bﬂl ()= /It w(’)]BH(OU')
< foHu(z)-'ﬁ(l) wom D So> 08 e

Bs1- B0,

s POBS(/)' —'9_(‘) H(OU')D p()> OD (43)

Bo 8.0 B1- ol @f(t)EB]H,,m-,
B ¢,-oEB,(t)-§,(1)BH(0mD $ui(B)> 00 i= 112 (44)

are satisfied. When the condition

8] 0
y= Ke(B)E+2 —+<
Ay

& 6 |
x |+ _:_flz)_l_@_{] ......... :'
20} - |Al KT
8] ]
x B foCho@io(B) io(B) (45)

is met, the operator E[8) is contractive.
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Proof By the straightforward calculations, we obtain the
inequality

20
EE[BJ- "E‘[e]Bf_,; = 0’ G,(t0)E,(TQDA)
75 - o'f m
< Lromey ey TdRIBNEG 4,
0 J Zp Tl (708, (1) CB]

2 ,.
- 2 GUDEATODY) L(TODA)G,(10)
n=1

P men
x | N __|
. TUIPz[TU'):(T)Eg]D AT 4

v 1
s ZG”(tE])EI.(TmD\) h Ly(TOA)G(10)

0 p=d

oo g 0o o m 0,
/g (DBl /BB BL
p T [106:(T)(B] = p T0p[7082(7)CF)

o oo ta

< kgUmki+2 e

1
6

o

2
agKo

203 Al KoT

ol 0% o

(]
(0] a al
« Bomrmom™ A os S,
0
0 =,
B lamimn@™ Pl @06 S,

L2

u}

P e
< kg(r@)ky + 2 F+3
2 .
¥ ___,_a(z’Ko -
2A2- 1Al KoT
o
x .fé«pﬁo(B)Be.(z)-E(r)B’,,

n]
+ riohe Ben - B0 B,

]

Dk( R S e |
< keg(@ky+2 e—* =
A 6'
-2
> 2
x ]+m..._:._.._a_‘ﬁ(l.
2A7- 1Al KoT

0
,0 X
* B ﬁmmxmm(ﬁ)%o(ﬁ)%(n— G(I)B},
< =0 (46)

where

0 0
20 10(8) Bra(B) = max RIAT(B) B (P) D

and from the inequality we find that

BL‘ i B O : 0
£[6]- E8)- U, s kgUB)ky + 2
|
2
x _l.l_+ B8 i e aKo
A6 242- A Kol

u] o
* B folho[, (ﬁ)@zo(ﬁ)%(l)— G(I)BH
= yCo(1)- 8(1)5, < =0

Theorem 1.Suppose that conditions (4) - (). (29), (42) -
(45) are satisfied. Then the operalor equation (38) has a
unique solution in the space H2(0IT).

Proof.According to Lemmas | and 3, operator eguation
(38) could be investigated in the space HA(0TT).
According to Lemma 4, operator E[6] is contractive.
Since the Hilbert space H>(0CT) is a complete metric
space, according to contraction mapping theorem [12],
the operator E[B] has a unique fixed point, i.e. operator

equation (38) has a unique solution.

The solution of operator equation (38) can be found
by the method of successive approximations, i.c. K
approximation of the solution is found by the formula

8:(1) = E[6- ()]0 n€{ (i ju Uin]

where B(t) is an arbitrary clement of the space H(01),
and we obtain the estimate

Foc) - ek(t)BH}(w-,
T%BE[G)(I)H 70~ 600 Bz, 0

which, by the arbitrariness of the Bo(r) when 8y(1) = A1),
has the form

Ba(t)- ek(‘)BHl(OLT) = T!TBEIG'(’)]BH%W)D

The exact solution 8() could be found as the limit of the
approximate solutions (1), i85

B() = )E‘le*(’m

Substituting 6 (1) and 6x(¢) in (35) with this solution,
we find the required optimal controls

L) = i (Bi(1)B)0
9%(1) = h(tB2(1)B)C (47)

The optimal process VO(1 @), which is the solution of
boundary value problem (1)-(3) that corresponds 1o the
optimal controls u°(t) and 9°%t), according o (6),

@ 2016NSP
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(11)-(12) is found by the formula
o L7 5 ]
viam) = % A i Ry(tBA)ay(s)ds+ ay(t) z,(x)
Soi i o z 0

’
= Z W e MA RGBT e Mods
n= 0
Z

y 0
o AtD D) (11l ()]

q O
+2,(1)p[rB(1)] dT 2,(x)0 (48)
where
] R,
M 4 AT R BDN e M N5
05 s
A, (trA) = R,
AR BA [ R(BO)e M0 Ndso
(S ¥s. 70

The minimum value ofthe functional (24) is calculated
by the formula
; Z
S (@) =
& u)
+B . L) + (9% aD (49)

O'Iv"(m)- £(x))dx

o The obtained triple
() B° (1)) (@) [0 (1) BO(1)] is the solution of
the nonlinear optimization problem.
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