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ASYMPTOTIC EXPANSIONS
OF SOLUTIONS TO DIRICHLET PROBLEM
FOR ELLIPTIC EQUATION WITH SINGULARITIES

D.A. TURSUNOV, U.Z. ERKEBAEV

Abstract.  The paper proposes an analogue of Vishik-Lyusternik-Vasileva-Imanalieva
boundary functions method for constructing a uniform asymptotic expansion of solutions
to bisingular perturbed problems. By means of this method we construct the uniform
asymptotic expansion for the solution to the Dirichlet problem for bisingular perturbed
second order elliptic equation with two independent variables in a circle. By the maximum
principle we justify formal asymptotic expansion of the solution, that is, an estimate for
the error term is established.
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1. INTRODUCTION

Various problems for elliptic equations with a small parameter at higher derivative were
studied by many authors and the literature on this issue is quite wide and well-known [IJ.
However, problems with a double singularity, i.e., bisingularly perturbed problems, as opposed
to singularly perturbed problems, are poorly studied. In bisingularly perturbed problems one
singularity is related with a singular dependence of the solution on a small parameter, while
the other comes from non-smooth terms in its asymptotics. In order to construct asymptotic
expansions for solutions to bisingularly perturbed problems, the method of matching asymptotic
expansions or Lomov regularization method is mostly used, since the classical boundary layer
method can not be applied directly. In the work we propose an analogue of the classical Vishik-
Lyusternik-Vasilieva-Imanaliev boundary layer method for constructing a uniform asymptotic
expansion for the solutions of bisingularly perturbed problems. By means of this method
we construct a uniform asymptotic expansion of the solution to the Dirichlet problem for a
bisingularly perturbed elliptic second order equation with two independent variables in a circle.
In the justification of the formal asymptotic expansion of solution (FAES) we apply a maximum
principle. Similar problems by this method were studied in works [3]-[5].

2. FORMULATION OF THE PROBLEM

We study the Dirichlet problem

eAu(p,p.e) — (1 —p)(p— a)’ulp,p.e) = f(p,p.e), (p,¢) €D, (1)
u(l,p,6) = P(p, e), (2)
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where 0 < ¢ is a small parameter, A = apg + —= pa s Q%WQ is the Laplace operator,

D={(p,p)0<p<1,0<p<2r}, flppe) ka,o, )e¥, fr € C*(D),

+oo
=Y (@), v € C0,27), a € (0,1), fla,p,0) #0, f(1,,0) #0,
k=0

¢(<p, e), f(p,p,€) are given functions, u(p,p,e) is an unknown function, > % fi(p, p)e¥,

S0 ()" are asymptotlc serles in Poincaré sense.
The solution to problem (|1 exists and is unique [6]. We are interested in the asymptotic
behavior of the solution to problem . as e — 0.
The first singularity is obvious: the solution of the limiting equation as ¢ = 0
~(1=p)(p = a)*ulp,,0) = folp, ¢)

does not satisfy boundary condition (| . In order to show the second singularity, we consider
the structure of the external expansion of solution to problem (] . which we seek as

Ulp,p,e Ze uk(p, ), €—0. (3)

Substituting into and equating the coefficients at the like powers of €, we obtain a
simple recurrent system of equations:

— (1= p)a—p)u(p, ) = folp, p),
(1= p)(@ = p)ur(p, ) = Aug—1(p, ) = filp, p), k€N
This is why the external expansion of the solution to problem — is of the form:

1 gk
Up,p,e) =

(IR (F°+"'+<1—p>3k<a

where Fy,(p, @) = F, € C®(D), k=0,1,....
We note that functions ug(p, ¢) have increasing singularities of the form:

1
Uk(ﬂ,@)zo(m)7 p—>1, k=0,1,..;

—p)4ka+)’ 8%0,

1
Uk(P,SO):O(m)? p—a, k=01,....

Therefore, the considered problem is bisingularly perturbed in the terminology by A.M. Il'in [T,
2].
3.  MAIN RESULT

Theorem 3.1. As e — 0, the solution of problem (] g—@ has the asymptotic expansion:

ulp, e Zew’ +xp ng/g“’k( 1_/3*0)“@ ngqk( 1/4’*0) “

k=-1 k=-2

where functions vi(p, @), wy (%, 4,0) sk (psl_—/f, 4,0) are determined below, x1(p), x2(p) are
cut-off functions with values in [0, 1], x1, x2 € C*[0,1], and

xi(p)=1, as 1-0<p<1l, and xi(p)=0as 0<p<1—26,

x2(p) =1, as |p—al <9, and  x2(p) =0as 26 <|p—al,



ASYMPTOTIC EXPANSIONS OF SOLUTIONS TO DIRICHLET PROBLEM ...

d € (0,min{a/2, (1 — «)/2}) is a sufficiently small number independent of .

99

The proof consists of two parts: construction of FAES and the justification of this ex-

pansion.

3.1. Construction of FAES. We seek FAES as

+oo +oo
ulp, ¢, Ze vep, ) +x1(p) D 1rwi(r, @) + xa(p) Y Negi(n, ), € =0,

k=—1 k=—2
where 7 = (1 — )/u, Y= (p—a)/\ =€/t

Substituting (5 into (1)), we obtain:

+oo

> e eDuilp, ) + €til(p, @) — (1= p)a = p)*vilp, Zs (fr(p, ) — hu(p, ),

+oo

0w Ow 2 d%w
k+1 ko H k H k1 — o — )2
Z a ( or? (1—pr) Or * (1 —pr)? 0p? i —a =) wk)

k=—1

+oo
= Z ha g (T, @)™,

E )\k+2 ok o Lo
J— < (a + An) On + (o + )2 D2 n°(1 —a—An)g

+oo
= Z hak (A, @)X,
k=0

The idea of our method is to introduce an unknown asymptotic series

Z5khk (0, Zekhlk (0, #) + xa(p Ze’“hm (0,

in identities @, @, ., while functions v (p, ¢) in identity @ are of the form:

Tulp. ) = Tl 9)T0) + 2L )+l 0)Tale) + 272 ),

3k 4k

~ Wo1yjski1-5(P)  ~ G—2+jan+2-i(P) -

Wr(p, o) = Y a _]p>3k+i_j , G(pp) = T - a)4k+J2—J . Xi(p) =X (p) +
j=0 =0

and functions w; (), gjx(¢) € C*[0,27] are determined by the asymptotic expansions:

+o0o

W3k —m,3j+m
w3k—m<7—7 @) = Z 3k 7_3?_]’_—; (80)7 m = 17 27 37 T — _'_007
7=0
= Qak—m,aj4+m ()
q4k—m(77790): 774}#7 m:17273a4; k:Oa17n_>j:OO
=0

The validity of these asymptotic expansions is proved in what follows.
To determine functions vi(p, @), by identity @ we obtain the following equations:

—(1=p)(p — a)’vol(p, ©) = folp, ) — ho(p, ),

Avi_1(p, 0) + e1(p, ©) — (1 = p)(p — a)vi(p, @) = frlp, @) — hi(p, @), k=1,2,....

X;(p)

)
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This yields
fie(p,©) — Avi_1(p, ©) — hi(p, ) N Uk-1(p, ¢)
(p—1)(p—a)? (L=p)(p—a)?

and v_1(p, ) =0, v_1(p, ) = 0.
Let us determine unknown functions, that is, coefficients hy(p, @) of the asymptotic series so
that

up(p,p) € CP(D), wi(r,0) >0 as 71— 400, q(n,e) =0 as n— Foo.
Let ge(p, @) = fr(p,©) — Avg_1(p, ), then vg(p, ) € C=(D) as
hi(p, ) = x1(p)hik(p; @) + x2(p)har(p, ),

vk (ps p) = k=01,...,

where
hai (0, 9) = gi(9) + gra(9) (0 — @) = (’f - j) (910(9) + 911 ()1 — @),
hik(p, @) = (T:Z) 9e(1,0),  grolp) = ge(a, ),  gralp) = %O;’@-

Thus, we have determined the coefficients of the series
+oo +oo
D Fulpp), D Fhilp, ).
k=0 k=0

We proceed to determining the terms of the asymptotic series Z,Lo'il prwg (7, ). We write
identity as

+00
82w, 8107 (92w,
k 1+k 1+k 2 1+k 2
> - + —r(l—a-— _
2 ¥ ( - v - o) 2 ( « IUT) w 1+k>

= Z/ﬁk (1 _ 12iLTa n (1(,11_7'()1)2) ar(1, ).

This implies:

DPw_
Lw_, = - - T(l - a)wal = 90(17 90)7 (9)
or?
2 ow_
Luy = =2(1 = a)r*wy = m=—go(L, ) + 5, (10)
2
-

Lw; = =21 —a)TQwo—l—T:sw,l —i—mgo(l,gO) + Wy, (11)
Lwsp—y = =2(1 — a)*wsp—o + T wae—s + ge(1,0) + War_1 + Bro(), (12)
2T
Lwsy, = —2(1 — )T wsk—1 + T wsp—2 — T agk(la ©) + Wai, + By ()T, (13)

2
-
Lwgyr = —2(1 — a)7*wsy, + T wsp 1 + mgk(l, ©) + Wapr + Bra()7?, (14)

where
Ows_y  Pwy_
(r9) € Dy = {(r )l <7 < Hoo, 0<p < 2m), W, = “prt - TR,
and By o(¢), Bri(p), Br2(p) are unknown functions to be determined, k =1,2,...
Boundary conditions become

wak(0, ) = Ur(p) —vk(1, @), k=0,1,..., ws0,9) =0, s# 3k. (15)
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Let us prove the following lemma.

Lemma 3.1. Let f(7)d(p) € C®(D1), ag > 0. Then the problem

8228(77_'2, 90) _ TCL()Z(T, gp) = f(7)5(¢)7 (7-, ¢) € Dy, 2(07 90) _ ZO(QO) (16)

has the unique solution z(1,p) € C>(Dy).
Proof. Let t = /a7, then problem casts into the form:

0%z(t, 1 ~
PAD) oty ) = =030, =0.¢) = (o). (17)
ot a2
We seek the a solution to problem as
1
2(t,9) = 21(t) == ().
g

For z;(t) we obtain the problem

A1) — taa(t) = (1), 21(0) = () a3 /8(0) = 2. (18)
The associated homogeneous equation
2/(t) —tz1(t) =0

has two independent solutions Ai(t), Bi(t), which are Airy functions [7]. By means of Airy
functions we write the solution to problem ((18)):

Ai(t) + nBi(t) /t h Ai(s)f(s)ds

0
21

)
wnait) ([ Bifers =3 [ Aot ).

21 (t)

This yields

2(t,¢) :Z%i&(tw 3”@35(@&@) /t " Ai() F(s)ds
T t . +oo -
+ - a25(go)Ai(t) ( /0 Bi(s)f(s)ds — /3 /0 Ai(s) f(s)ds).

]

Corollary 1. If f(1) = O(™) as T — 400, then thanks to the asymptotic behavior of Airy
function as T — +00, we obtain z(1,p) = O(T™ 1), Ny is a constant.

By means of the above lemma we prove the existence of the unique solutions to equations @D—
satisfying conditions . In what follows we shall prove the existence of functions By o(¢),
By 1(¢) By2(¢), for which the solutions to these problems belong to the class of functions with
a power decay in 7 and the solution to each equation @D, satisfies the identity:

lim wg(r,9) =0, k=-1,0,1,....
T—+00

We proceed to determining the terms of the asymptotic series Z,‘:iQ Neqr(n, 0). We write
identity as

+oo
8261—2+k 0q_o 82Q—2 k
P A N2 21— — g
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l—«

= Z A\ <gk7o(g0) + gra(p)An — <i) (gr0(@) + gra(@)(1 — 04))) .
k=0

It follows that
82(1—2

g2 = 5~ (1= a)g-2 = goo(), (19)
8q,2 3
lg = ———= _ B 20
q-1 on q—2 +190,1(), (20)
2
lgo = Qo —n’q-1 — <%> (900(¢) + 901 () (1 — @), (21)
g1 = Q1 — 7°qo, (22)
lGap—2 = Qup—o — 7’ Qup—3 + Gr0(®) + Arol(e), (23)
lgap—1 = Que—1 — 7> Qup—o + ngr1(e) + Ara(p)n, (24)
2
0= Que =P~ (1) (o) + s ()1 = ) + Aslol’s (29)
lqapt1 = Qart1 — 773Q4k7 (26)
where
8(]5—1 82q8—2
D, = — <n< 0< <2 s s = — — i
(n,¢) € Do ={(n, )| —co<n<+00, 0 < p <21}, Q o 5,2

and Ay (), Ax1(v), Ara(p) are unknown functions to be determined, k =1,2,...
Let us prove the following auxiliary lemma implying the existence of solutions to equations

(9-([9).
Lemma 3.2. Let f(n)6(p) € C*(Dy), bo > 0. Then the problem

822(777]2, ) _ ?boz(n,0) = F()d(e), (n,¢) € Dy, (27)

has the unique solution z(n, ) € C(Ds).

Proof. By the change n = {/4/bgt we obtain the equation

T - i) = S F0)

We seek the solution to this equation as

2(t, @) = 2a(t)y/ =6(p).
Then for z3(t) we obtain the equation:
(1) — x(t) = f(1),
and the associated homogeneous equation
() —t22(t) =0

has a fundamental system of solutions {Uy(t),Us(—t)}, where Uy(t) = \/%Kw;(tz), t >0,

Ki4(t?) is the McDonald function (modified Bessel function) [7]. Let us describe the basic
properties of these functions Uy(t), Uy(—t):
a) The Wronskian of these functions is equal to

W (U4(t),Us(—t)) = desc(m/4) = 4V/2.
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b) As t =0, Uy(0) = n~ /227141 (1 /4).
¢) As t — +oo, function Uy(t) decays exponentially: Uy(t) ~ /27"

As t — —o0, the function Uy(t) = /2 (V2r 1, 14(1?) + K1/a(t?)), t < 0, grows exponentially:

Ui(t) = (2/1)/%e" (1 + 0(t™)),
where I1,4(t?), K14(t?) are modified Bessel functions. Therefore, the solution to problem ([27)
can be written as

t . “+o00 .
£(0.9) = 5 5006) (U0 [ i-9fes 00 [ o)l )

—0o0

where t = /by /4n. O

Corollary 2. If f(n) = O(n™?) as n — +oo, then z(n,p) = O(n™*72), Ny is a constant.

Employing this lemma, we can write explicitly the solutions to problems f.
Let us prove the existence of functions Ay o(¢), Ak1(p), Ak2(p), for which the identities

lim qx(n,¢) =0, k=-2,—-1,0,1,...
n—=+oo
hold true.

Lemma 3.3. There exist functions Ay ;j(¢), Brj(¢) € C*[0,27], k € N, j =0,1,2, satisfy-
ing the identities (Ay,; = Ak, (@), Br;j = Bij(¥)):

Ago — A1 + a2Ak,2 + B+ Bri+ Bpa =0, (28)

Ag1 — 202 — B — 2By 2 = 0, (29)

Ao+ B =0, (30)

and the relations

Wk (T,0) = D wg’“‘g’j’i;m(w, m=1,2,3  wy; €C™0,21], T-+00, (31)

j=0
_ - Qak—m 4j+m () - o

Qak—m (1, ) = Z W, m=1,2,3,4, q; € C™[0,2n], n— +oo. (32)

=0

hold true.

Proof. The meaning of identities f is that such choice of functions keeps the smoothness
of solutions v (p, ), i.e.,

Ao+ Ari(p — @) + Ap2(p — @)* + Bro + Bra(l — p) + Bia(1 — p)* = 0.
We observe that as 7 — +o00 and n — £oo, the relations

= w_173-+1(g0)
w_1(7, ) = Z #,

=0
. = wm,3j7m(()0> o
Wi (7, ) —273]-—,,”, m=0,1,
j=1
- Q—m,4' m(gp)
Q—m(nagp)zzzj—i?na m:2717
o n
J
- Qm,4‘—m(<;0)
Gm (N, ) = 771]—% m=0,1,

=1
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hold true, where wy ;(¢), gk j(¢) € C*[0, 27].

Suppose that as 7 — +o0o and n — +oo for some £ = 0,1,..., the relations
W ()
3k—1,3j+1
wak-1(T, @) = Z T»]Ha
j=0
o - w3k+m,3jfm(90) o
w3k+m(7—a 90) - Z 7—3j*m ) m = 07 17
7j=1
B - q4kfm,4j+m(90) B
Qak—m (1, P) = BNV N w— m=2,1,
=0
- Qak4+m,4j—m
Qairm (1, ) = M) m=0,1,

45—m
=

hold true, where wy, j, gz ; € C*°[0, 27]. Then for k + 1 we have

2
8w3k+1 0" wsy,

Lwgjqo = —2(1 — @)T2w3k+1 + 7wy, + ges1(1, ) + . 052 + Biy1,0,
27 Owsy, 0% w3y,
Lw3k+3 = —2(1 — 06)7'211)3k+2 + T3w3k+1 - 11— agk+1<17 80) + §T+2 - 8;2+1 + Bk+1,1T7
72 Owspys O Wspyo
L = —2(1 —a)r? + 78 (1, ) + 2 2 | Brpy1272,
W3k+4 ( Q)T W3k 13 + T W3kt 1- a)ggkﬂ( ©) or 502 k+1,2T

O0qak+1 82(]4/@ 3
lqaps2 = — o - 02 — 0 Qak+1 + Grr10(9) + Argr,

Oarra  OQursa
lqays = — 377+ - 3g02+ — 7 Qakr2 + N9k411(9) + Akr1an,

ks O ursa N
lqak4a = — 877+ - (‘9@; — 1 Qakrs — (E)Q(gk—l—l,o(@) + e () (1 — ) + Apgon?,

I O0Qaj+a 62Q4k+3 3
Qak+5 = — an - 9,02 — 1 Qak+4-

This implies

oo
w . W3k+2,3j+1
3k+2 = § : 73+
j=0
= w 2B 2w
3k+3,35+3 k+1,0 3k,3
W3k43 = E ——a— as DBy =———""+3Ws3k412 —
, T35+3 11—« 1—a’
Jj=0
o0
w Wakta3j+2 o p Bit1o  2wW3ks12 W3k,3
Bk+4 = E e k+1,2 = -
: T3i+2 (1—a)? l—a (1—«a)?
Jj=0
(o.) o] oo
- q4k+2,4542 o q4k+3,45+1 o q4k+5,45+3
Qak+2 = T iz 0 ks = gn 0 Yak+s = T 443
= " = " = "
> A A
q - qak+4,45+4 as A o k+1,0 k+1,1 q4k+1,3
4k+4 = i k+12 = — -
nits l1—a)2 1-a (1-a)?

J=0
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where wy, ; = wi j(¢), @k; = qk,;(¢). As aresult we obtain a system of linear algebraic equations
with three unknowns Ayi10, Ak+1.1, Bit1,0:

1 -2« o o?
m/‘lkﬂ,o . Ak+1,1 +a’c+ e + mBkH,o =0,
200 1+« 2
(1_—)Ak+1 0+ T Ak+1,1 —2a%c— ¢ — 2¢y — mBk—f—l,O =0,
bt A + L A o B 0
—Cc—Cy — =
where ¢ = ?ikﬂ)g, c1 = 3wagy1,2 — 213237 2 = (i”i’;;; - 2w13f;1’2

The system has the unique solution

W33 2W3k41,2
l—a)?2 1—-a’

Briio = —Qurs13+ (

1 2
Ak+1,l = W3k+41,2, Ak+1,0 = W3k,3 (1 + m) — W3k+1,2 (3(1 - 04) + 1— a) .

Therefore, for each £k = 0,1, ..., identities and hold true, i.e.,

ngrziloo Qk72(777 90) = 07 71—1>I—Poo wk71(7—7 (10> = 07 k= 07 17 s

We observe that

1-— m wkm m\ P
w3k)m< 1 > = Z > 3J_§]+En)7 m = 172737 € — 07

p— \m j Q4kfm,4j+m(§0) _ —
Qak—m (—A ,go) =\ ;05 ooy M= 1,2,3,4, k=0,1,..., £—0.

[]

3.2. Justification of FAES. We proceed to justifying of formal asymptotic expansion (/5)).
Let

3In+1
n(p,0,€ Zévkp, )+ x1(p) D wFwi(r, @) + xalp Z)\QkUSO
k=-1 k=-2

R(pv ¥, € ):u(pv ¥, € >_ n(p>907€)'

We note that u,(p, p,e) € C*(D), e — 0.
For the residual term R(p, ¢, <) we obtain the equation:

€AR(/), @, 8) - (1 - p)(Oé - p)2R(p7 @, 6) = 6n+3/4q)7 (p7 (P) € D7
where
O = (f(p,,€) — Ava(p, ) = Tulp, 0, ) + (TPwsn (7, 0) — 2(1 — @)T*w341 (7, )

Owsp 11 (7, 0% (w3n (7, ) + pwsns (7,
 D(rg) Pl 9”)@905 12 s o)

Oqun(n,0)  0*(qun—1(1,¢) + Aqan(n, )
_ 3
(77 Gan (1, ) + n + agpQ x2(p),

pa@? ZE fn+1+k P, P )a pa P, E Ze 'Un—I—k P, P
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We observe that ® is a smooth function. This is as € — 0 there exists a constant M > 0 such
that || @]l < M, i.e., ® = O(1). The boundary condition becomes:

o0

R(l,p.e)= Y eulp) or R(lLpe)=0@E""), 0.

k=n+1
Thus, we obtain the following problem:

eAR(p,p.2) — (1= p)(a = p)*R(p,p,€) = O(e"™*), €0, (p.¢)€D,

R(1,p,e) = O(e™™), e—0.
Applying the maximum principle to this problem, we obtain

R(p,p,e) = O™ ), e —0.
This implies the validity of expansion . The proof of the theorem is complete.
Example. Let
alp,p) =1, flp,w) =1+ pcosp+p*sinp+p°, Y(p,e) =0,

that is, we study the problem

1 2
eAu(p, p,e) — (1—P)<— —p> u(p,p,e) =14 pcosp+p*sinp+p°,  (p,p) €D, (33)

2
u(l, ¢,e) =0, (34)
then
wo(p. ) = 1+ pcosp + p*sing + p?
0\F> -
(1=p)(5—p)?
If
hio(ps ) =(2p = 1)*(2 + cos  + sin ),
9 1 1. 1\ /3 .
h270(p, ©) :§ + §cos<,0+ Zsmgp + (p — 5) <Z + Cosg0+sm<p>
1\ 2
- (,0— 5) (6 +4cosp+ 3sinyp),
then
_ 14 pcosp+p’sing +p° — hio(p,9)xi(p) — hao(p, ) x2(p)
UO(IO?SO)__ (1_ )( )2 )
A —h h U
on(p ) = vo(p, ) = ha(p. @)xa(p) = haa(p @)xalp) | vo(p,lso) 5
1 =p)(5 —p) (1=p)(z—»)
where

hai(p, ) = g10(0) + g11(0)(p — 1/2) = (2p — 1)*(g10(0) + 91.1(0)/2),

0
hl,l(p7 @) = (2/) - 1)2AU0(17 90)7 91,0<90) = AU0(1/27 ()0)7 91,1(90) = _AUO(/)7 (p)’pil/%

dp
~ ~ ~ @w 9 / ~ ~ 8q~ Y /
(o) = (o 9% 6) + 275 EL () + Gl ) al) + 278 ),
42+ cosptsing) 9+ 4cosp + 2sing

7vfb/O(pa 90) = ’ QO(IO7 90> - -

Iy 2o 17
For wy(1,¢) and q,(n, ) we obtain problems similar to problems (9)-(14). (13), (19)-(26).

The solutions to these problems exist, are unique and as T — 400, 1 — +o00, the estimates
hold true:

U),l(T, ()0) - w2(7—; ()0) = 0(7—71)7 w0<7—7 @) = U)3<7', @) = O<7—73>7
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wi(1,0) = wa(r,90) = O(17%),  qa(n, ) = ga(n,9) = O(n?),
g-1(n,9) = a3(n, ) = O(n"), Go (1, 90) =) =0, alne)=00n"").
Therefore, for the solution to problem f the expansion

—p
u(p79075) :Uo(p, (P) +€U1(p, +X1 Z 5k/3 ( 1/3 ’90)

k=-—1

1
+ xalp Zek/4qk<21/4,¢)+0(3/4) e—0,
k=—2

holds true.

Conclusion. The feature of the considered problem is that it is bisingular. For this case we
have proved the applicability of the boundary layer method. We have constructed the uniform
asymptotic expansion in the small parameter for the solution to the Dirichlet problem for a
bisingularly perturbed elliptic second order differential equation with two independent variables
in a circle. Moreover, the constructed asymptotic series is a Puiseux series.

The proposed method differs from the method of matching asymptotics by the fact that the
increasing singularities of the external expansion are removed and by means of the series with
coefficients hy the singularities are moved to the internal expansion.

It should be noted that for simplicity, we have studied here the case a(p,p) = 1. The
asymptotic expansion of the solution to the Dirichlet problem for the equation

eAu(p,p,e) — (1 — p)(p — @)’alp, )ulp,p,e) = f(p.p.e), (p,) € D,

where a(p,) > 0 in domain D can be constructed in the same way and it has the same
structure.
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