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A b s t r a c t :  In the p re sen t p a p er w e s tud ied  the p ro b lem  o f  n on linea r o p tim a l con tro l o f  the therm al p rocesses desc ribed  by F redho lm  
in teg ro -d iffe ren tia l eq u atio n s  w hen  the con tro l p a ram eters  are no n lm early  included into the equation  as w ell as into the boundary  
cond ition . T he co n cep t o f  w eak  g eneralized  so lu tion  o f th e  b oundary  value p rob lem  is in troduced and the a lg o rith m  for its co n struction  
is indicated . It is e s tab lish ed  tha t op tim al con tro l is defined  as the so lu tio n  o f th e  system  o f  non linear integral eq u atio n s  w h ich  con ta in  
unknow n functions u n d er and  o u t o f th e  in tegral and s a tis fy  the ad d itio n a l c ond ition  in the form  o f th e  system  o f  inequalities. Suffic ien t 
co n d itio n s  for the e x is ten c e  o f  a unique so lu tion  o f th e  p rob lem  o f  n o n lin ea r o p tim iza tio n  are given, and a lg o rith m  o f  its co n struction  
has been developed .

K e y w o rd s : B o u ndary  value p ro b lem , w eak  g eneralized  so lu tio n , op tim al con tro l p rob lem , functional, m axim um  p rinc ip le , sy stem  o f  
n on linea r integral eq u a tio n s , convergence

1 I n t r o d u c t i o n

It is well-known that basis o fth e  optimal control theory o f  
processes described by ordinary differential equations was 
laid in the 50th years o f  the 20 ih  century in the works o f  
L.S. Pontryagin and his colleagues [13] and basis o f th e  
optimal control theory o f  processes described by partial 
derivatives differential equations was laid in the 60th years 
o fth e  2 0 th  century in the works o fA .G . Butkovskiy [12], 
A.I. Egorov [6].

Moreover, several processes described by ordinary 
and partial differential equations have been studied 
extensively by many researchers (see, [1 6 ,1 7 ,1 8 ,1 9 ,2 0 ,

21] and the references therein). However, such problems 
were not w e 11-investigated in general.

O ne o f  the main research method o f  optimal control 
problems is Pontryagin’s maximum (or minimum) 
principle which is used in optimal control theory to find 
the best possible control for taking a dynam ical system  
from one state to another, especially in the presence o f  
constraints for the state or input controls.

N ote that the maximum principle was formulated for 
system s with lumped parameters, and it is applicable not 
always in the case for system s with distributed parameters 
[6].
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The problem o f  control processes described by 
integro-differential equations with partial derivatives is 
often encountered in applications and it has been studied 
in papers [6 ,7 ,8 ,9 ,1 0 ] . For exam ple, in [15] investigated 
the problem with taking into account the only external 
control parameters. When we study o f  thermal processes, 
in practice it is necessary to consider the thermal flow 
passing as well as across the border.

In this article, we investigated the questions o f  unique 
solvability o f  the optimization problem for the thermal 
processes described by Fredholm integral-differential 
equations when the controlling external forces as w ell as 
boundary control are operated to object , i.e. object is 
controlled by two control forces. Such problems have not 
yet been studied in control theory. The quality control is 
estimated by the quadratic functional. Based on the 
maximum principle the conditions o f  control optimality 
for system s with distributed parameters [6] are obtained 
in the form o f  a nonlinear integral equation and 
differential inequality. The solvability o f  the nonlinear 
integral equation is studied according to the method o f  
book [4]. For optim ization problems we obtained the 
sufficient conditions o f  the unique solvability and we 
indicated an algorithm for constructing solutions o f  
nonlinear optim ization problems with arbitrary precision

Lf the form o f □ the triple
(w0(/)Q 9 ° ( /) ) [> 0(/Q )cy[«0( 0 a 9 0( 0 ] ^  where

(un( t ) \ Id ° ( l ) )  is vector optimal control, v ° (/Q ) is optimal 
process, and J[u°(t)  G0°(/)] is the minimum value o f  the 
functional.

2 B oundary  value problem o f  the controlled
process

Suppose that the state o f  a thermal process is described 
by the scalar function v ( tQ ) ,  which satisfies the integro- 
differential equation [1 ,2 ,3 ]

Z r
V,= V „ + A  K{ tn)v(TQ)dT+g( tB)A(Oi ( t ) ]  (1 )

in the region Q  = { 0  < x  < ID 0 < t < T ) , and on the 
boundary o f  Q  it satisfies the initial condition

v (0 Q ) = i^(x)ID < x < 1 

and boundary conditions

(2)

yr (/□ )) = ()□ *■(;□ )+  a v ( m ) =  р [гп ?(г)](0<  t < T ) 0
(3)

where K (l  O’) is a given function defined in the region D = 
{ 0  < t < TO  0 < r < T)  and satisfies the condition

Z r Z

о о
K 2( lO ) d T d t  = KQ < « □  (4)

i.e ., K { t O )  6  / / ( D ) ;  i^ (x )  e  /- /(O C l)D  g ( tQ )  6  H ( Q )  a re  

g iv e n  fu n c t io n s ;  / № ( / ) ]  e  Я (О С Г ),

p [ t \3 ( l ) }  6  /-/(OCT) are functions o f  external sources 
which nonlinearly depend from the control functions 
u{t) e  t f (0 [J )D  >9(0 e  H ( OCT) and satisfy the 
conditions

0П W [ ( D 9 ( /) ] i  0 0  V/ e  (0СГ); (5)

A is a parameter; a  > 0 is a constant, T  is a fixed moment 
o f  time. The Hilbert space o f  functions defined on the set 
Y  is denoted by H (Y ) .

In real-world applications, generalized solutions ol 
boundary value problems are used. For the boundary 
value problem ( l) - (3 )  we will use the follow ing concepl 
o f  w eak  generalized solution.

D efinition I .U n d er  a  weak genera lized  solution o f  the 
boundary value problem ( l ) - (3 )  we mean  the function  
v(t  Q) e  H ( Q ) which satisfies the integral identity

Z ,  z , 2z ,
( v ^ t d x  = [v(<0 -  <P,-.v) + <P(lQ) (6)

□ ° Z '■ 0 □
x A K ( t O ) v ( T Q ) d T  + g ( / Q ) / [ / a ( 0 ]  \dxdt  

о

+ [<p(/Q )(- o v ( ( D ) +  p [ t{3 ( t )] )
'i

-  <£■(/□) v ( /D )  + <&(/ DD) v(t[$)))di

f o r  a n y t 2 a n d h ,  0 < t\ < I S h  S T, a n d  f o r  a n y  fu nc t ion  
q){tQ) e  C.]0 Cq ), as well  as the initial a n d  boundary  
conditions in a  weak sense, i.e., f o r  any  funct ions  
(fo(x) 6  tf(O D ) a n d  q>i(t) E /-/(OCX) the fo l lo w in g  
relations ho ld

z  Z ,
lim  v(l[Z)%(x)dx -

J—+0 0 (I
Z v. Z

ip(x)%(x)dxO

Г *■ T
lim ( у Д г а ) -  av(lQ))tp\( t)dt  = p[lC0(t)]q>\(t)dtO

.v— i-O о

lim Vv((Q)ipi (l)dt -  OD
j-—+0 о

(?)

where  C IQ ( 0  is space o f  f u n c t io n s  which, has the first  
derivative with  respect to t a n d  the se c o n d  order 
derivative with respect to x .

To construct the solution o f  boundary value problem 
( l) - (3 )  we use the eigenfunctions and eigenvalues o f  
boundary problem [6]

2 (x)  + Aqz (x ) = 0П z (0) = 0D 2 ( 1)+  a z(  I) = 0D(K) 

Eigenfunctions have the form

z„(x) = c o s K<xU n & { \  [2[Ж}10 (9)
A,f+ a - +  a

and form a com plete ortho normal basis in the Hilbert space 
/ / ( 0 D ) .  Corresponding eigenvalues are determined as

® 2016 NSI*
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a solution o f  the transcendental equation AtgA  = a  and
satisfies

A,i ^  /„ + illl e {1 Q  no} □ lim A„ = 00 □

a n d

( n -  l ) T T <  A„ < ~ ( 2 n -  1)D (10)

We are looking for the solution o f  boundary problem  
( l ) - (3 )  in the form

v( l  Q)
11= I

{t)z„{x) 0 ( 1 1 )

where

□ □ *- 1
V„(l) = v/(/Q:) [2„(д:) = v ( tQ )z„ (x )d x  (12)

0

are the Fourier coefficients o f  the function v(t  Q ). The 
sym bol < •□ > is used for the scalar product in the 
Hilbert space H { OQ). We also use the expansions

g(i  Dt) = £ g „ ( / ) z „ ( x ) D
n- I
□

g„{t) = g(t  Q )Q „(x) = g{l{±)zn{x)dxU

(13)

□  Z 1

0

□  Z 1

w(x) = £%Z„(x)0
11= I
□

ip„ = ip(x)B„(x) = ip(x)z„(x)dx[J
0

According to the method [7], the formal solution ofthe  
boundary problem ( l) - (3 )  is found by using the integral 
identity (6). By the arbitrariness o f  function <p(t S )  in the 
integral identity (6) w e assum e that (p(lQ) = z„(x). After 
som e calculations, the integral identity (6) takes the form

1 '2 
1, dt

< v ( /Q )Q „ (x )>  + A„ < v (;Q )B „ (x )

Z у
- A  K { tc t )  < v (r B )B „ (x )  > d r  

° □
-  < g ( ta )Q „ (x )  > f [ t a { i ) ] ~  zn( \ ) P [t[$ (1)] dt = on

In this identity by su p p osin gh  = t and differentiating 
with respect to t ,  we obtain the integro-differential 
equation

dt
v (/Q )Q „ (x ) > + A,; < v ( tB ) Q „ (x )  >

Z r
= A K ( l O )  < v (rQ )Q „ (x ) > dT

0
+ < g (rQ )Q „(x) > Л ' а ( 0 ] +  z„( I )p[l  □ ? (/)]□  (14) 

which we solve with the initial condition

< v ( /Q )Q „ (x )>  |,=,, = <  v ( / ,Q )Q „ (x )>  (15)

for each fixed n E {1 С2ПШ|1. Considering the right side o f  
the equation as absolute term, we solve the Cauchy 
problem (14)-( 15) by the formula

< v ( t Q )Q „(x) > = < v(t\  B )Q „(x)

Z' Zr
+

/, 0

■I 2 LI L r  
e - K ( ' - T )  д K (T Q )  < v {sQ )Q „ (x )  > d.4

□
+ < g ( T Q )Q „(x) > /1 гО /(г)] + г„( I)p[rG 0( r)] d r □

T endin g/| to zero and taking account o f  (7), (13) we 
obtain the relation

(16)

(17)

v„(l) = e A"' tp„

Z' 2 °
+ e~ " {l r) /  /C(r[J)v/„(5)rf5 

0 0 □
+ g n(T)ATO i(T )]+  z„(\)p[TU9(T)] d r

which is the linear integral equation.
It is easy to see that there is an initial condition

v „ ( 0 )  = 10, □

We will rewrite equation ( 16) as

Z y
v„(t) = A K „ ( tQ )v ll( s ) d s + a „ ( i ) 0  (18)0

where z

K „ ( lQ )=  ' e ' ^ ‘' T)K ( T a ) d T O  (19)

an(l)  = e A"'4J„+ e ~ ^ {l r)0
* (gn( T ) f[T tk(  r)] + zn( 1 )р[т \3{ T)])dTD (20)

We solve integral equation (18) using the following  
formula [8,9]

Z - ,
v „ ( l ) = A ,  R„(lQCh)a„(s)ds + a „ ( t ) 0  (21) 

0

where

R„(tQCA)= | j A ' " lAr„ci(/0 )D  л e  { I [2 Ш1}1 (22)

is the resolvent o f  the kernel /0,(^D) = K„q (i Q),  the 
iterated kernels K„a(lQ)  are defined by the formula [8,9] 

Z ,

W | ( / D )  = K „ ( t O i ) K r i A n B ) d n n e  { IQ a m iD0
(23)

for each n e  { 1 C2QHJ.
Further, as in [15], we have set the radius o f  

convergence concerning resolvent for any n 6  { I [2 Ш |,  
as well as proved that the solution o fth e  problem ( I)-(3) 
which defined by (11), (21) is an elem ent o f th e  Hilbert 
space, i.e. v (;Q ) 6  H (Q )  for any external control u(t)  and 
boundary control d ( t ) .
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3 Form ulation  o f  optimal control problem  
and conditions o f  optimality

Consider the optim ization problem in which it is required 
to m inim ize the quadratic integral functional

Z ,
J[u(t)C&(t)] = [ v { T Q ) -  S (x)]2dx

Z r
+ 0  [u2« ) +  d 2{t)]dl

0
(24)

for /3 > OQvhere %(х) e  /-/(OD) is given function on the 
set o f  solutions o f  problem ( l) - (3 ) , i.e. we need to find the 
controls u°(t)  e  H { OCT) and d ° ( t )  6  Я(ОСГ) which, 
together with the corresponding solution v °(;Q ) o f  
boundary value problem ( l) - (3 ) , gives the sm allest 
possible value o f  functional (24). In this case u°(t)  and 
9 ° ( i )  are called the optimal controls, and У °(/й ) is the 
optimal process.

Since, according to (5) each vector control 
(u ° ( t )C d ° ( i ) )  uniquely defines the controlled process 
v ' \ t  R ), then the solution o f  boundary value problem  
( i) - (3 )  o f  the form v ( /Q ) +  A v ( t Q) correspond to the 
controls u{t)  + A u ( t )  and d ( t )  + A d ( t ) ,  where is the 
increment that corresponds to the increments A d ( t )  and 
A u { t) .  According to the procedure o f  application o f  the 
maximum principle [6 ,1 0 ,1 1 ], the increment o f  
functional (24) can be written as

A.J[u£9] = J[u+  A u \ 3 +  4  5 ] -  J [ u \ 3 ]
Z y

A n [ i a / t t o O i & ] d t

+ A v 2( T Q ) d x D
о

(25)

where

According to the maximum principle for system s with 
distributed parameters [6 ,1 0 ,1 1 ], the optimal control is 
determined by the relations

| 2pu(t) _ Z
fA iO t iO ]  о

I  2 0 5 ( 0  _
pal‘ & (  0 ]

g ( lQ )L o ( tO )d x O

w (fD )D

(28)

u m ) ]
D u(t) D

u m ) )  «
> OD

D d { t )  П 

p ° v m t ) ]  . > 0
(29)

which are called the optimality conditions. The relations 
(28) were obtained from the follow ing condition

g rad l l ([ i i{ j£ ))  = OD

The relations (29) were obtained from the system  o l the 
conditions by elimination o f  ш ( Ю )  and oj( i □ )

g r a d n ( - O t & )  = OD

n „ „ ( -a c 0 )  < od
( ■ a ® )  n „ 5 ( - a □?) 

5„(-a®) n59(-a®) > OD

A n ( t a / a o Q < W )  = n(to/aoai+ A u ( t ) r s +  a &)

-  n ( t Q / a o a i x $ ) D  

П(/0/Ск»аа9) = u^Q )p [/G 9(/)]+  /3 (u2{t) + d 2(t))

+ g (? a )w (/3 )/l< Q « (0 ]< & D  (26)
о

w (/[J ) is a solution o f  the conjugate boundary value 
problem

Z y
щ  + Wrv+ K ( m ) w ( T a ) d T =  0 D 0 <  x <  1D 0< / < TO

о

UJ(TQ) + 2 [v (r S )  -  ${x))  = ООО < jc < 1 □

Wr(?QD) = О О д.(Ш ) + а ы ( ( 0 )  = 0D0 < t < Т

and has the form [15]
□

w ( / Q )  = - 2 [ v (I( D -  I,]

+ Л P „ ( s a a ) e ~ A«(r~ x)d s  z„(x) □  (27)
o

4 N onlinear  integral equation o f  optimal  
control

In order to find the optimal control, we use optimality 
conditions (28) and (29). We substitute w (/Q ) in (28) 
with the solution o f  the conjugate boundary value 
problem defined by (27). First, we calculate the integral

Z | Z | «
g { t Q ) c j ( l Q ) d x  = У  g„(t)z„(x) Y  U)k{t)zii {x)dx

о о ,|£-| *.ti

= T g « (  0 < M -(0 D  
/»=!

and rewrite equality (28) in the form

/ 3 « ( 0 r t » ( 0 ] =  -  у ы о к т -  i , )
ii=1

□ , Z r  □
* e - W - ' ) + /  / > „ ( j |j i a ) e '^ , / ' ’)rfs □

P d ( i )p -3 ' [ t t f ( t ) ] =  -  7 i , ( i ) w n -  S"]

□  Z у ) □
x е- л ; с / - о + л  />,({ а а ) е - А» -('-, )л  □ 

0

@ 201A NSP
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According to (12) we further reduce this equality to the
form

□ □
..uS-‘l.. „ □ □
Л [ ' » ( 0 ]  R . v  SnU)P d { t )

V  s i n 1

I  * 0) E „ ( m a ) (30)

P a l t & U ) ]  n  n

' 'D D Л г а ( г ) ]U T O Щ  g „ ( T )Q „ (l) р 1 т^ \ т ) \  d r
« ь □

//= I

w h e re

г»(1)

Е п ( Т Ш )  = (31)

+ /  « ; , ( j u a ) e  A'’r/' v)^ d

/ .„ ( 7 T O )  = <ГЛ"(у'~ г)
z V-

+ Л /? ;,(70С А )е'Л"(л~ г)Л '0

h„= i , ~  4J„[e A" r + A R „ ( T Q a ) e ~ ^ Sd s ] 0  (33) 
о

Thus, the optim al control is defined as the solution o f  
nonlinear integral equation (30), and the condition (29), 
here, must be satisfied. Condition (29) restricts the class 
o f  functions o f  external actions f[ t \jk(l)]  and p[t£&(t)]. 
Therefore, we assum e that the functions f [ t Q (0 ]  and 
/?[/□?(/)] satisfy the (29) for each o f  the controls 
u(t)  e  /-/(OIT) and d ( t )  в  /-/(ОПТ).

Nonlinear integral control (30) is solved according to 
the method [4 ,5 ]. Suppose that

W(/) = 6 ,( f )D  = & ( <)□ (34)pg[l.C9{t)]

Lem m a I .The vec tor fu n c t io n  6{ t)  = (0 | ( t ) \ $ 2 ( t))  is an  
element o f  space  / / 2 (0 IT) = Я(ОСГ) x Я(ОСГ).

/-Voo/^According to (5), we have the estimate

s u p \ f ; ' [ tQ i ( t ) ] \  < M \U

sup\p~g '[ t{3( i )] \  < M i  V / e [ 0 T ] D

Since u(t)  e  /-/(OCT) and d ( t )  e  t f (O T ), then the 
assertion o f  the lemma com es from the follow ing  
inequality 
Z Z

e ; ( t ) c i t < p 2 1Л \ iUt{t)] \2\u{t)\2dt

0 S /3-M\ u~(l)dt < “>□
2 Z °

e 2- ( t )d t  < p 2  ̂ Ь в '[< с » ( /) ] |2| # ( 0 | 2л
Z y

< р 2м }  d 2( t )d i  < « □
о

According to (29), the optimal controls u(t)  and d ( t )  
are uniquely determined by equality (34), i.e. there are 
functions ф| and ф? such that

M(0 = 0 i(/D B i(/)qp )D  9 ( t )  = <fc(/ce2( / ) [ £ ) □  (35)

Using (34) and (35), we rewrite system o f  equations (30) 
in the form

□ □ -  □ □ Z r

m  +l  S.! о uma)
Л  (r)a n)°Df[Tal>'{T[S'{Tm]adrg n \ t) u „( 1 р [т ф (т П 9 ,(т )ф )]  ат
„ □ О

= U  £ „ (га сЛ )А „ п  (36)

(32) Introducing the notations

9(0
□ □ 

_ 0i (0
□ □  

gn(‘ ) r
0 , ( 0  D С ,,(Ш ) z „ (l)  

□ ■ □

we rewrite equation (30) in the form

0 ( 0 +  T  G „ ( t a ) E „ ( T a a )  l „( m a )
0

x g ;,( j-d )f ( ггф, [г ® , ( г) в д ц м г с е н  о  дз])<а,г

= ^  С „ ( /0  )^ /,(7’13СЛ)/г„ (37)
ii= I

or in the operator form

e ( t ) =  Е[в\ (ос0>(о] + а д  □ (38)

where

£ [0 ,(0  [02 (0 ]=  -  У  С ,,(/□ )£ , , ( 7’ПГЛ)
n= I

z у
L „ ( m a ) c ; , ( r a )

0
x F (  т [ф| [ r ®| ( r) qs] Cfc [ r C02 ( 0  Г/3 ]) ̂  r □

7i(0 = T G (1( ( Q ) £ „ ( r a ) / i „ D  (39)
/7= 1

Now, we investigate the question o f  unique solvability  
o f  the operator equation (38).

Lem m a 2.The fu n c t io n  Ji(t) is an  e lement o f  space  
H 2{ OIT).

@ 2016 NSI’
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Proof. By the straightforward calculations, we obtain the 
inequality

Z r Z, '/’О □
kTi(t)kl2dt = h2At) + h\(t)  dt 

0 0
Z « D2

Y g , , ( t ) E n( T a a ) h „
- о 

□ „

□
+ i +

+ ' y z „ ( \ ) E „ ( T a C \ )h , l dt

"= 0  a 2k  t  d
< 2k g(( Q )k2, 1 + ^ 4 - = ------^

2Лp -  |/ \ | K0T

, , ! D 
* 7 T + 6 2 k« M k&+ 2 k v M k&

□  '  , ,  □ □
A~KqT  1

x i + e q — ---------^------- ^ — 2
2A,2 -  |A| A5,7-

e q - — Л ^ л /  Cfe j r + 7  2 kS W kw 
2Л,2 -  |Л | /ГоГ л2

□ ,  □ □
/ ч.2 , Л К о Т  1 + 2k 4J (x )k 2H I + e q - = T--------у ------- a -  TT-y

2Лj2 — | / |  а:0г  / л '

! D Л2А" r  D 
< 2 k g (/Q )k 2/ + 1 I + g q - = r — A j ------- Efr

2 / |2 -  |A | K0T
! □

x 2 k £ (x )k 2,+  2kip(x)\<.2H

Л2к 0т 1 ш
x 1 + f l ^ z ---------7 = ^ 7 7 1

2A 2 -  |A | K0T  г л '

< « □  (40)

I
kC7„(/ □  )kMi |£T„( 74301) |

x M T O D \) |k c ; , ( r D ) k „ 2
о

x 4F (rq ()|[r[B i(r)q p]q fc[r[je2(T )qp ]) H,

< ‘ | ^ к С , , ( Ш ) к 22|£,,(7’а П ) | 2Л

x V  ‘ | Z , „ ( m a ) | 2k G * ( r D ) k 2j f / r  
, r \  0

0 2

□ „ r fr  dt

x Цр( гсф, [г[©| ( г) Г/3]Сф.[Щ©,( r) r/3])L
0

□ □,
< k g ( /H )k 2/ + 2

! , ! , 
Л2К0Т  I I

x 1 + e q — — ----- --7 ------- &  7T + 7.
2 /p  -  IAI i?o’f

0 / °  qf>, [/ ев, (/) qj] C&  + Sp °  qfc [/ ce, (0  c/3] L&x □ /  /ЦМ/СВ, (О ч-j  H

< “ □

from which the assertion o f  lemma is implied. 

Lem m a 4 .Suppose that the conditions

^ а ( 0 ] - Л ' Ж 0 ] В Н(„а )

< / с Д ( О - к ( ' ) 0 „ (о а )п  / о >  o d

0 p [ / c 5 ( O ] - p [ ^ ( O ] ° W(„u-)

S / А ( / ) - 3 ( 0 В и(0а1а  P o >  OD

H

(41)

(4 2 )

( 4 3 )

from which the assertion o f  lemma is implied.

Lem m a i .T h e  operator  = £[0 |(r)C 02(/)] maps the space  
/-/ (0СГ) into i ts e l f  i.e. is an element o f  the space  
l-l2( OD’).

Proof. By the straightforward calculations, we obtain the 
inequality

Z r
j ^ c „ ( / a ) £ „ ( 7 ’aiD\) o L „ ( m a ) G ; , ( T a )

? 2
x F ( r q ( ) l [rC B ,(r)q8]C fc[r[?2(T)q8]>rfr= dt

> [/Щ (0 В Д - Ф / № (/)№ „((,□ ■ >

П A, V
H(0D)1< ф,0 В е , ( / ) - e ,( ,)B  □ ф )/( / з ) > о а  /=  i n  (44)

are satisfied. When the condition

i
□ □ I I

Y=  kg(/Q)k7/ + 2  —т +
A,1 6

Sq-
<3qKq

~~3 i-b
2 A f " | A |  Ко 7’

□ □ 
x B /o Q > o l* io (j8 )q h o (P )

«  we/, /йе operator  £ [б ]  is contractive.

( 4 5 )
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Proof .B y the straightforward calculations, we obtain the 
inequality

/ .  [0 ] -  E[6 i  'H-

Z .
У  G „ ( i a ) E „ ( T a a )

0 □  'В 1 ш

i,(roa)G;(rn) /cfS:|rS ir!S!a a'rо - p  Г ( f̂>7[rc©7 ( r) CJ3]
z

-  у  с „ и а ) Е п{ т ш )  L „ ( m a ) G U T a )
„= I 0□ □ _  m □,

X /cfqf.tr®,(0CP]D dl
p  r c fc [r [0 2 (r ) [p ]

Z Z 7.
< V c„(/a)£„(rnicA) 1„(гаа)о;(га)

О „4-| о
□ □ □ □ Ш  СЬ

. / cfD » i[r[B l ( r ) [ p ] D- / [j C * l [r(]B |(T )[p ]n  •
р  ГС02[ Тс©2 ( Т") С/3] -  Р 7 -[# ъ [Т [0 2 (г)[р ]

D -
< kg ( /Q )k 2/ + 2 т т + ?

К) 6

X I + o q -
alKv

\1
2 A f -  | / |  К0Т

х u / °  сф| [/ се, (/) [р] / °  □*>,[/□©, (/)

Р □ □ □ ель а
+ Up i n k b a h w r p ]  ~ р  /qfc['C 02(O q3] ч*

□ сь , Г
< k g ( /Q ) k /y  +  2 ^ . +  -

!

, а о ^ о
х I +  a r = q  

2Л ,2 -  |Л | /с 0 Г

□
./оФ го(/з)В©,(/) -  0 , ( 0

+ Р ^ 1 0(/з)О е2( о -  0 2 (0 f t

&

and from the inequality w e find that

Ь [ б ] - £ [ в ] -  B/y2 2 Dkg(/Q )k-;/+  2
□

□

i +  m ~ =
alKo

T . -a

х£/о[?;оСф|о(|3)Сф2о(/3) L 0 (O -  6 ( 0

2 / f ' M I  K (,7- 

%(0- 0(01
= / 0 6 ( 0  -  ~0(O UW < - □

T heorem  1 .Suppose that conditions (4) - (5), (29), (42) - 
(45) are satisfied. Then the operator equation  (38) has a 
unique solution in the space TI2(0CT).

P r o o f  According to Lem m as  /  and 3, operator equation 
(38) could be investigated in the space /-/’ (0U '). 
According to Lem m a 4 , operator E[Q] is contractive. 
Since the Hilbert space Н 2(0СГ) is a com plete metric 
space, according to contraction mapping theorem [ 12J, 
the operator £ [6 ]  has a unique fixed point, i.e. operator 
equation (38) has a unique solution.

The solution o f  operator equation (38) can be found 
by the method o f  successive approximations, i.e. k 'h 
approximation o f  the solution is found by the formula

8*(0  = £ [0 * -,(O ]O  /16 { 1ЕШСИ15Ш

where 6b(0  is an arbitrary elem ent o f th e  space /-/(OCT), 
and we obtain the estimate

0 0 ( 0 -  0*(оВ д а )

< Х . Ь [ 6 Ь ( 0 ] + В Д -  f t ( O 0 „ 2 (o c n D

which, by the arbitrariness o f  the 0э(О when Qo(t) = Ti(t), 
has the form

0 0 ( 0 -  0 И О % о а ^

сь
< k g (/Q )k 2v + 2 - т  +

Oq-
alK0 .

\1 Df 
2 A f -  |Л| KQT

^ /о ф „ а /) |о ( /3 ) с ф 2 о ( Р ) [^ ( 0 -  0 (o & w 

< « □ (46)

where

The exact solution 0 ( 0  could be found as the limit o fth e  
approximate solutions 6*(0> i-e ->

0(0 lim 0<(OD 
k—>°°

Substituting 0, (/) and 0 2 (0  in (35) with this solution, 
we find the required optimal controls

u°(t) = <pi (/CBi (0CJ3)D 

d ° ( t )  = ф2(лзэ2( 0 /3 ) а (47)

В1 /оЦ *, Сф,0(Р ) DK»| П(Р ) °=  m a x ф 5  Opj0( p ) O p U P )  ^

The optimal process v ° ( /B ) ,  which is the solution o f  
boundary value problem ( l) - (3 )  that corresponds to the 
optimal controls u°(t)  and d ° ( t ) ,  according to (6),
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(I I) - ( 12) is found by the formula

□ Z □
v  (tOt) A R„(tOCh)an(s )d s  + a„(t) zn(x )

о
D , Z r D

У  щ, <ГК"'К R „ ( t o a ) e ~ ^ sdsh о
Z )' □

А „ (1 П a )  g n(T ) f [ r U ° (T ) ]

□ □
+ z„ (!)p [rQ > u(r)] d r  z„(x) □ (48)

where

А„(1СГЩ

g - t f c -  r) +  A Rr, ( tQ(l )e~ Â s' T)dsO 
0 < r < t □

К ]  /?„(/Q D \)e‘  Л”(л~  r)dsU  
t<  t < TO

The minimum value o fth e  functional (24) is calculated  
by the formula

4u°(0®0(01!
z '/'□

[ v ° ( r a ) -  Z(x)]2dx

+ /3 [U°(t)]2 + [ 9 \ t ) ? Qd tU  (49)

g  The obtained q  triple
(u0(/)Ci?0( 0 ) O 0(J3)Cy[u0(;)[-50(0 ]  's the solution o f  

the nonlinear optim ization problem.
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